CONSERVATION OF ANGULAR MOMENTUM :





The Angular Momentum, HT-O(t), of the system of the three Point-Masses about the Point of Origin, Point O, is given by the Cross Products :





	HT-O(t)   =   M1 R1(t)  X  V1(t)   +   M2 R2(t)  X  V2(t)   +    M3 R3(t)  X  V3(t)





Therefore,





	� EMBED Equation.2  ���HT-O(t)   =   M1 � EMBED Equation.2  ���R1(t)  X   V1(t)   +   M1 R1(t)  X  � EMBED Equation.2  ���V1(t)


   		        +   M2  � EMBED Equation.2  ���R2(t)  X  V2(t)   +   M2 R2(t)  X  � EMBED Equation.2  ���V2(t)


		        +   M3  � EMBED Equation.2  ���R3(t)  X  V3(t)   +   M3 R3(t)  X  � EMBED Equation.2  ���V3(t)





Since, by definition :





	V1(t)   =   � EMBED Equation.2  ���R1(t)


	V2(t)   =   � EMBED Equation.2  ���R2(t)


	V3(t)   =   � EMBED Equation.2  ���R3(t)





Therefore, 





	� EMBED Equation.2  ���R1(t)  X  V1(t)   =   0





	� EMBED Equation.2  ���R2(t)  X  V2(t)   =   0





	� EMBED Equation.2  ���R3(t)  X  V3(t)   =   0





( the Cross-Product of any Vector with itself is zero, i.e. the null vector)





Therefore,





	� EMBED Equation.2  ���HT-O(t)   =   M1 R1(t)  X  � EMBED Equation.2  ���V1(t) +   M2 R2(t)  X  � EMBED Equation.2  ���V2(t)


		          +   M3 R3(t)  X  � EMBED Equation.2  ���V3(t)





but, applying   Force   =   Mass   x   Acceleration,


 


	M1 � EMBED Equation.2  ��� V1(t)   =   Total Force on m1   =   F12   +   F13


	M2  � EMBED Equation.2  ���V2(t)   =   Total Force on m2   =   F23   +    F21


	M3  � EMBED Equation.2  ���V3(t)   =   Total Force on m3   =   F31   +     F32





Therefore,





	� EMBED Equation.2  ���HT-O(t)   =   M1 R1(t)  X  � EMBED Equation.2  ���V1(t) +   M2 R2(t)  X  � EMBED Equation.2  ���V2(t)


		          +   M3 R3(t)  X  � EMBED Equation.2  ���V3(t)


		     =   R1(t)  X  M1 � EMBED Equation.2  ���V1(t)   +   R2(t)  X  M2 � EMBED Equation.2  ���V2(t)


		          +   R3(t)  X   M3 � EMBED Equation.2  ���V3(t)





 		     =   R1(t)  X  (F12   +   F13)   + R2(t)  X  (F23   +    F21)





		          +   R3(t)  X  (F31   +     F32)





		     =   R1(t)  X  F12   +   R1(t)  X  F13   +   R2(t)  X  F23   +   R2(t)  X  F21





		          +   R3(t)  X  F31   +   R3(t)  X  F32





Therefore, regrouping yields :





	� EMBED Equation.2  ���HT-O(t)   =   R1(t)  X  F12   +   R2(t)  X  F21	





		          +   R2(t)  X  F23   +   R3(t)  X  F32





		          +   R3(t)  X  F31   +   R1(t)  X  F13





�
Let us first look at the term :





	R1(t)  X  F12   +   R2(t)  X  F21


�


We see here that this term is simply the Total Moment caused by the Forces F12 and F21 about the Point of Origin, Point O.





But F12 and F21 are equal and opposite gravitational forces whose lines-of-action are co-linear.





Thus, the Total Moment caused by these two forces about Point O is zero, or the null vector.





Therefore,





	R1(t)  X  F12   +   R2(t)  X  F21   =   0


�
Let us now look at the term :





	R2(t)  X  F23   +   R3(t)  X  F32


�


We see here that this term is simply the Total Moment caused by the Forces F23 and F32 about the Point of Origin, Point O.





But F23 and F32 are equal and opposite gravitational forces whose lines-of-action are co-linear.





Thus, the Total Moment caused by these two forces about Point O is zero, or the null vector.





Therefore,





	R2(t)  X  F23   +   R3(t)  X  F32   =   0





�
Let us now look at the term :





	R3(t)  X  F31   +   R1(t)  X  F13


�


We see here that this term is simply the Total Moment caused by the Forces F31 and F13 about the Point of Origin, Point O.





But F31 and F13 are equal and opposite gravitational forces whose lines-of-action are co-linear.





Thus, the Total Moment caused by these two forces about Point O is zero, or the null vector.





Therefore,





	R3(t)  X  F31   +   R1(t)  X  F13   =   0





�
Thus,





	� EMBED Equation.2  ���HT-O(t)   =   R1(t)  X  F12   +   R2(t)  X  F21	





		          +   R2(t)  X  F23   +   R3(t)  X  F32





		          +   R3(t)  X  F31   +   R1(t)  X  F13





		     =   0   +     0    +   0





		     =   0	(the null vector)








Therefore, the Angular Momentum for the system of three Point-Masses, about the Point of Origin, Point O, is a constant vector and is invariant through time.








It is noted here that there is a point, called the ‘Apparent Force Center’, where the lines-of-action for :





a)	The total force on m1,





b)	The total force on m2, and





c)	The total force on m3,





meets.





(This is because if the line-of-action for the total force on  m1 and the line-of action for the total force on  m2  meet at a point, Point PAFC, the resultant force from the two forces at this point is equal, opposite and parallel to the total force on m3, since the net total force on the system is zero. Thus, if the line-of action for the total force on m3 does not also meet at this point, Point PAFC, then we would have a couple which will result in a moment about the Point Of Origin, Point O, which is contrary to the net Total Moment on system of three Point-Masses being zero.) 
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