ROTATIONAL CONSIDERATIONS - PHYSICAL ASPECTS :





Let us now relook at the Rotating Reference Frame at the Mass Center with :





	� EMBED Equation.2  ���� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





But we have set up  m1, m2, and m3  in the ex/ey plane so that z1, z2, and z3 are all zero’s.





Therefore, we set up :


�








	r1   =   x1 ex   +   y1 ey





	r2   =   x2 ex   +   y2 ey





	r3   =   x3 ex   +   y3 ey





where :





	x1   =   r1 *  cos q1





	y1   =   r1 *  sin q1





	x2   =   r2 *  cos q2





	y2   =   r2 *  sin q2





	x3   =   r3 *  cos q3





	y3   =   r3 *  sin q3








Therefore :





	r1   =	r1 * � EMBED Equation.2  ���� EMBED Equation.2  ���








	r2   =	r2 * � EMBED Equation.2  ���� EMBED Equation.2  ���








	r3   =	r3 * � EMBED Equation.2  ���� EMBED Equation.2  ���





In general we can set up :





	ri   =   ri * � EMBED Equation.2  ���� EMBED Equation.2  ���


and 





	eri   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





	eqi   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





�
such that :





	ri   =   ri  * eri   =    ri  * � EMBED Equation.2  ���� EMBED Equation.2  ���








Therefore,


	� EMBED Equation.2  ���ri	=		� EMBED Equation.2  ���� EMBED Equation.2  ���ri� EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		=		� EMBED Equation.2  ���� EMBED Equation.2  ���ri� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





�
Therefore,


	� EMBED Equation.2  ���ri	=		� EMBED Equation.2  ���� EMBED Equation.2  ���ri� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri *� EMBED Equation.2  ���� EMBED Equation.2  ���





Therefore, splitting the last term of the 3 terms into another 2 terms, we have :


 


	� EMBED Equation.2  ���ri	=		� EMBED Equation.2  ���� EMBED Equation.2  ���ri� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri * � EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri  *� EMBED Equation.2  ���� EMBED Equation.2  ���





			+	ri *� EMBED Equation.2  ���� EMBED Equation.2  ����


�
Therefore, rewriting in the eri, eqi, and ez directions yields :





	� EMBED Equation.2  ���ri	=		� EMBED Equation.2  ���ri * eri





			+	ri * � EMBED Equation.2  ���* eqi





			+	ri  * wz(t) * eqi 





			+	ri * (-wy(t) * cos qi  +  wx(t) * sin qi) * ez





noting that the CROSS product  eri  X  eqi  =  ez  and  ez  X  eri  =  eqi , the angular momentum about the Mass Center for mi, denoted by  Hi, is then :





	Hi   =    mi * ri  X   � EMBED Equation.2  ��� � EMBED Equation.2  ���ri� EMBED Equation.2  ���   =    mi * � EMBED Equation.2  ���ri * eri� EMBED Equation.2  ��� X   � EMBED Equation.2  ��� � EMBED Equation.2  ���ri� EMBED Equation.2  ���





Therefore, substituting from above then yields :





	Hi   =   mi * 0





		+   mi * (ri)2  *  � EMBED Equation.2  ��� * ez





		+   mi * (ri)2  * wz(t) * ez





		+   mi * (ri)2  * (wy(t) * cos qi  -   wx(t) * sin qi) * eqi





Therefore, the Total Angular Momentum of the system of three Point-Masses, about the Mass Center, denoted by HT, is then :





	HT	=   � EMBED Equation.2  ��� Hi





		=	     � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ��� * ez





			+   � EMBED Equation.2  ��� mi * (ri)2  * wz(t) * ez





			+   � EMBED Equation.2  ��� mi * (ri)2  * (wy(t) * cosqi  -  wx(t) * sin qi) * eqi





We will now show that the Conservation of Angular Momentum also applies to HT , where





	HT	=	� EMBED Equation.2  ��� mi * ri(t)  X  vi(t)





But,





	vi(t)	=	� EMBED Equation.2  ���ri(t)





		=	� EMBED Equation.2  ���( Ri(t)   -   Rmc(t))





Therefore,





	HT	=	� EMBED Equation.2  ��� mi * ri(t)  X  vi(t)





		=	� EMBED Equation.2  ��� mi * � EMBED Equation.2  ��� Ri(t)   -   Rmc(t) � EMBED Equation.2  ���  X  � EMBED Equation.2  ���� EMBED Equation.2  ���( Ri(t)   -   Rmc(t)) � EMBED Equation.2  ���





		=	  � EMBED Equation.2  ��� mi * Ri(t)  X  � EMBED Equation.2  ���Ri(t)





			- � EMBED Equation.2  ��� mi * Ri(t)  X  � EMBED Equation.2  ���Rmc(t)





			- � EMBED Equation.2  ��� mi * Rmc(t)  X  � EMBED Equation.2  ���Ri(t)





			+ � EMBED Equation.2  ��� mi * Rmc(t)  X� EMBED Equation.2  ���Rmc(t)





Let us now look at these 4 terms individually, remembering now that we have coverted the Mass Unit as follows :





	mi	=	Mi * KMU 	where KMU is the constant for Mass Unit Conversion





and 	mT	=	� EMBED Equation.2  ��� mi 	=	MT * KMU





The 1st term :





	� EMBED Equation.2  ��� mi * Ri(t)  X  � EMBED Equation.2  ���Ri(t)





=	KMU * � EMBED Equation.2  ��� Mi * Ri(t)  X  � EMBED Equation.2  ���Ri(t)





But,   � EMBED Equation.2  ��� Mi * Ri(t)  X  � EMBED Equation.2  ���Ri(t)    is simply the definition of  HT-O , the Anugular





Momentum of the system of the three Point-Masses about Point O , the Point Of Origin.  





And this is a constant vector due to the Conservation Of Angular Momentum about the Point Of Origin previously discussed.








The 2nd term :





	- � EMBED Equation.2  ��� mi * Ri(t)  X  � EMBED Equation.2  ���Rmc(t)





=	- KMU * � EMBED Equation.2  ���� EMBED Equation.2  ��� Mi * Ri(t) � EMBED Equation.2  ���  X  � EMBED Equation.2  ���Rmc(t)





=	- KMU * MT * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)			(by definition of Rmc(t))





The 3rd term :





	- � EMBED Equation.2  ��� mi * Rmc(t)  X  � EMBED Equation.2  ���Ri(t)





=	- KMU * Rmc(t)  X  � EMBED Equation.2  ���� EMBED Equation.2  ��� Mi * � EMBED Equation.2  ���Ri(t) � EMBED Equation.2  ���





=	- KMU * Rmc(t)  X  MT * � EMBED Equation.2  ���Rmc(t)			(by definition of Rmc(t) 									  � EMBED Equation.2  ���� EMBED Equation.2  ���Rmc(t))





�
The 4th term :





	+ � EMBED Equation.2  ��� mi * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)





=	+ KMU * � EMBED Equation.2  ���� EMBED Equation.2  ��� Mi� EMBED Equation.2  ��� * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)





=	+ KMU * MT * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)





Therefore, substituting the 4 terms back, yields :





	HT	=	� EMBED Equation.2  ��� mi * ri(t)  X  vi(t)





		=	+ KMU * � EMBED Equation.2  ��� mi * Ri(t)  X  � EMBED Equation.2  ���Ri(t)


			- KMU * MT * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)


			- KMU * Rmc(t)  X  MT * � EMBED Equation.2  ���Rmc(t)


			+ KMU * MT * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)








		=	+ KMU * HT-O





			- KMU * MT * Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)





We know that  HT-O  is constant, therefore we need to look at  Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)  to find out if this is also constant.








�
We know from the Conservation Of Linear Momentum that  � EMBED Equation.2  ���Rmc(t)  is constant so that :





	Rmc(t)   =   Rmc(t0)   +   (t - t0) * � EMBED Equation.2  ���Rmc(t0)





	where Rmc(t0) and � EMBED Equation.2  ���Rmc(t0)   are constant vectors.





Therefore, differentiating yields :





	� EMBED Equation.2  ���Rmc(t)   =   + 1 * � EMBED Equation.2  ���Rmc(t0)





Therefore,





	Rmc(t)  X  � EMBED Equation.2  ���Rmc(t)





 =   � EMBED Equation.2  ���Rmc(t0)   +   (t - t0) * � EMBED Equation.2  ���Rmc(t0) � EMBED Equation.2  ���   X  � EMBED Equation.2  ���Rmc(t0)





=   Rmc(t0) X  � EMBED Equation.2  ���Rmc(t0)   +   (t - t0) * � EMBED Equation.2  ���Rmc(t0) X  � EMBED Equation.2  ���Rmc(t0)





=   Rmc(t0) X  � EMBED Equation.2  ���Rmc(t0)   +   0	(Cross Product of any vector with itself is zero)





=   Rmc(t0) X  � EMBED Equation.2  ���Rmc(t0)





And this is constant because the Cross Product of two constant vectors is also a constant vector.





Therefore, the Conservation Of Angular Momentum is also valid for the Angular Momentum about the Masss Center, i.e. HT  =   constant. 
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