ANGULAR MOMENTUM IN THE eZ DIRECTION, HZ-PURE, HZ-EXTRA, & wz*IZZ :





From above we have, the Total Angular Momentum of the three Point-Masses system about the Mass Center, denoted by HT, being :





	HT	=   � EMBED Equation.2  ��� Hi





		=	     � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ��� * ez





			+   � EMBED Equation.2  ��� mi * (ri)2  * wz(t) * ez





			+   � EMBED Equation.2  ��� mi * (ri)2  * (wy(t) * cosqi  -  wx(t) * sin qi) * eqi


		


We shall then split HT  into three component parts such that :





	HT1   =   � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ��� * ez





	HT2   =   � EMBED Equation.2  ��� mi * (ri)2  * wz(t) * ez





	HT3   =   � EMBED Equation.2  ��� mi * (ri)2  * (wy(t) * cosqi  -  wx(t) * sin qi) * eqi





and





	HT   =   HT1   +   HT2   +    HT3








Let us now look at the 1st term HT1 :





	HT1   =   � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ��� * ez





This is in the ez   direction, and we define the scalar, HT1, such that  :





	HT1   =   HT1 * ez





where





	HT1   =   � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ���





Therefore,





	HT1   =   � EMBED Equation.2  ��� DOT � EMBED Equation.2  ���





Therefore we set up three orthogonal Unit Vectors eH1, eH2, and eH3, respectively, forming a set of basis. (These are ‘quasi’/imaginary unit vectors that are constant and non-rotating and are for purpose of facilitating conceptial and DOT product presentations.)








We then reserve :


�	eH1 for the exclusive use of  m1 (r1)2 and q1,





	eH2 for the exclusive use of  m2 (r2)2 and q2,





and 	eH3 for the exclusive use of  m3 (r3)2 and q3





so that we define the vectors :





	MRR   =	� EMBED Equation.2  ���� EMBED Equation.2  ���





	QT   =		� EMBED Equation.2  ���� EMBED Equation.2  ��� 





Therefore :


	� EMBED Equation.2  ���QT   =	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		 =	� EMBED Equation.2  ���� EMBED Equation.2  ���





(eH1, eH2, and eH3 being constant non-moving/non-rotating unit vectors).








Therefore,





	HT1	=	MRR   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���QT� EMBED Equation.2  ���





We therefore set up :





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





and





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���








(qM being defined as per the Chapter on the Standardized Mass Vector)








Therefore, the reciprocal matrices are :





	� EMBED Equation.2  ���    =   � EMBED Equation.2  ���� EMBED Equation.2  ���





and





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���








Therefore, we introduce :





a)	the scalar variables MRRFA, MRRFB, and MRRFC for the MRR vector such that :


	


	MRR   =	� EMBED Equation.2  ���� EMBED Equation.2  ���








b)	the scalar variables QFA, QFB, and QFC for the  QT vector such that :





	QT   =		� EMBED Equation.2  ���� EMBED Equation.2  ���





where :





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		  =   � EMBED Equation.2  ���� EMBED Equation.2  ���





These then yield the relations :





	� EMBED Equation.2  ���





=	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





and,





	� EMBED Equation.2  ���





=	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���








Thus, differentiating  QT  yields :





	� EMBED Equation.2  ���QT   =	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		=	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		=	� EMBED Equation.2  ���� EMBED Equation.2  ���





Therefore, from above, we have :





	HT1	=	MRR   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���QT� EMBED Equation.2  ���








		=	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





			DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





Thus, we now split the  MRR  vector into two components, one component in the  eHFC, or (1, 1, 1) /(� EMBED Equation.2  ���,� EMBED Equation.2  ���,� EMBED Equation.2  ���) direction, and the other component in the eHFA/eHFB plane, which is orthogonal to the  eHFC  direction, as follows :





1st component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFC direction, and





2nd component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFA/eHFB plane.





And we also split the  � EMBED Equation.2  ���QT  into two components, in the same way, as follows :





1st component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFC direction, and





2nd component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFA/eHFB plane.








We can therefore split the scalar  HT1, into two component parts as follows :





	HT1   =   HT-PURE   +   HT-EXTRA





where,





	HT-PURE   =   � EMBED Equation.2  ���� EMBED Equation.2  ���  DOT  � EMBED Equation.2  ���� EMBED Equation.2  ���  


   


	HT-EXTRA   =   � EMBED Equation.2  ���� EMBED Equation.2  ���  DOT  � EMBED Equation.2  ���� EMBED Equation.2  ���





(we note  here that the DOT PRODUCT for a component in the eHFC  direction with a component in the eHFA/eHFB plane is zero because eHFC  is orthogonal to the eHFA/eHFB plane.)








We can now define :





a)	‘Pure Rotation’ with the scalar variable  qDOTPURE ,and





b)	‘Extra Rotation’ with the scalar variables qDOTEXTRA-1, qDOTEXTRA-2, and  qDOTEXTRA-3,





such that  they satisfy the following equations :


	


	� EMBED Equation.2  ���    =	 qDOTPURE   +   qDOTEXTRA-1





	� EMBED Equation.2  ���    =	 qDOTPURE   +   qDOTEXTRA-2





	� EMBED Equation.2  ���   =	 qDOTPURE   +   qDOTEXTRA-3





and :





	qDOTEXTRA-1   +   qDOTEXTRA-2   +   qDOTEXTRA-3   =   0








or rewriting these conditions alternately yields :





			� EMBED Equation.2  ���





	=		� EMBED Equation.2  ���





		+	� EMBED Equation.2  ���





and





	� EMBED Equation.2  ���  DOT  � EMBED Equation.2  ���   =   0 








�
Solving these equations then yields :





	qDOTPURE   =   � EMBED Equation.2  ��� *  � EMBED Equation.2  ���� EMBED Equation.2  ���   +   � EMBED Equation.2  ���   +   � EMBED Equation.2  ��� � EMBED Equation.2  ���





	qDOTEXTRA-1    =   � EMBED Equation.2  ���  -   qDOTPURE





	qDOTEXTRA-2    =   � EMBED Equation.2  ���   -   qDOTPURE





	qDOTEXTRA-3    =   � EMBED Equation.2  ���   -   qDOTPURE





Therefore, recalling from above,





	� EMBED Equation.2  ���QT   =	� EMBED Equation.2  ���� EMBED Equation.2  ���





		  =	� EMBED Equation.2  ���� EMBED Equation.2  ���





			+	� EMBED Equation.2  ���� EMBED Equation.2  ���





		  =	qDOTPURE * � EMBED Equation.2  ���� EMBED Equation.2  ���





			+	� EMBED Equation.2  ���� EMBED Equation.2  ���





�
		=	qDOTPURE * � EMBED Equation.2  ��� *� EMBED Equation.2  ���� EMBED Equation.2  ���





			+	� EMBED Equation.2  ���� EMBED Equation.2  ���





		=	qDOTPURE * � EMBED Equation.2  ��� *  eHFC


			+	� EMBED Equation.2  ���� EMBED Equation.2  ���





But, we have from above, the two component of  � EMBED Equation.2  ���QT :


	


1st component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFC direction, and





2nd component,	� EMBED Equation.2  ���� EMBED Equation.2  ���	which is in the eHFA/eHFB plane.





Therefore, comparing the component in the eHFC direction yields :





	� EMBED Equation.2  ���QFC * eHFC   =    qDOTPURE *� EMBED Equation.2  ��� * eHFC





Therefore,





	� EMBED Equation.2  ���QFC   = � EMBED Equation.2  ��� * qDOTPURE





And comparing the component in the the eHFA/eHFB plane yields :





� EMBED Equation.2  ���� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





We shall go into more details on this HZ-EXTRA component at a later stage.











Thus, the Angular Momentum generated by ‘Pure Rotation’, HZ-PURE , is then :





HZ-PURE   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





	    =	� EMBED Equation.2  ���QFC *   MRRFC





Let us now define the Moment Of Inertia about the Z-direction,  IZZ , as follows :





	IZZ   =   � EMBED Equation.2  ��� mi * (ri)2





Therefore,





	IZZ   =	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ��� DOT � EMBED Equation.2  ��� � EMBED Equation.2  ���   � EMBED Equation.2  ���� EMBED Equation.2  ���





	        =   MRR   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ��� * eHFC� EMBED Equation.2  ���





	        =   � EMBED Equation.2  ���� EMBED Equation.2  ���   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ��� * eHFC� EMBED Equation.2  ���





	        =   � EMBED Equation.2  ��� * MRRFC





or, re-writing yields :





	MRRFC   =   � EMBED Equation.2  ��� * IZZ





�
Therefore, the Angular Momentum due to ‘Pure Rotation’, from above, is then :





	HZ-PURE    =   � EMBED Equation.2  ���QFC  *   MRRFC





		     =   (� EMBED Equation.2  ��� * qDOTPURE )   *  (� EMBED Equation.2  ��� * IZZ )





		     =   qDOTPURE   *  IZZ





(which is what we would have expected :





i.e.   Angular Momentum = Angular Velocity   x   Moment Of Inertia)





	


And the Angular Momentum due to ‘Extra Rotation’, HZ-EXTRA , is then :





	HZ-EXTRA





=   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





with both of these components entirely in the eHFA/eHFB plane.








Two points to note before we leave this subject for now :





a)	HZ-EXTRA    =   0    if





	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���  and	� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





	are orthogonal to each other.





i.e.	 the component of   � EMBED Equation.2  ���QT  in the eHFA/eHFB plane is orthogonal to the component of the MRR vector in the same eHFA/eHFB plane.





�
b)	under the special circumstances for which :





	m1(r1)2    =   m2(r2)2    =   m3(r3)2





	the MRR vector is entirely in the eHFC  or  (1, 1, 1)  direction and there is no


	component in the  eHFA/eHFB  plane. (MRRFA = 0, and  MRRFB = 0)





	Thus, HZ-EXTRA  =   0, since 





 	HZ-EXTRA





=   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���








=   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   DOT   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





=     0





We shall have a more detailed discussion of these aspects at a later chapter.








The 2nd term  HT2  :





Let us now look at the 2nd term :





	HT2   =   � EMBED Equation.2  ��� mi * (ri)2  * wz(t) * ez





We note that this is in the ez  direction and we define the scalar, HT2  , such that :





	HT2   =   HT2 * ez





where :


 	HT2   =   � EMBED Equation.2  ��� mi * (ri)2  * wz(t)





or 





	HT2   =   wz(t) * � EMBED Equation.2  ��� mi * (ri)2





As we have already defined the Moment of Inertia in the Z-direction as :





	IZZ   =   � EMBED Equation.2  ��� mi * (ri)2





we have :





	HT2   =   wz(t) * � EMBED Equation.2  ��� mi * (ri)2





	        =   wz(t) * IZZ





(which is what we would have expected :





i.e.   Angular Momentum = Angular Velocity   x   Moment Of Inertia,





for a rotation of the ex/ey Axis via wz(t) * ez.)








We shall then be discussing HT3, the Angular Momentum due to wx(t) & wy(t) in the next chapter. 
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