SETTING UP THE PRINCIPLE DIRECTIONS :





From the previous Chapter, we have :





	IXX   =   � EMBED Equation.2  ��� mi * (yi)2   =   � EMBED Equation.2  ��� mi * (ri)2  *sin qi *sin qi











	IYY   =   � EMBED Equation.2  ��� mi * (xi)2   =   � EMBED Equation.2  ��� mi * (ri)2  *cos qi *cos qi





�	IXY   =   IYX   =   -� EMBED Equation.2  ��� mi * xi  * yi   =   -� EMBED Equation.2  ��� mi * (ri)2  *cos qi *sin qi


and :





	HT3	=	+   wx(t) * IXX *ex   +   wy(t) * IXY *ex





			+   wx(t) * IYX *ey   +   wy(t) * IYY *ey








Let us now set up another set of three orthogonal Unit Vectors exPRIME, eyPRIME,  and ezPRIME, forming a set of basis, such that :





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





�Therefore, we define :





	xi-PRIME   =   cos qPRIME * xi   + sin qPRIME * yi





	yi-PRIME   =   -sin qPRIME* xi   + cos qPRIME * yi





Therefore :





	IXX-PRIME   =   � EMBED Equation.2  ��� mi * (yi-PRIME)2


		=   � EMBED Equation.2  ��� mi * (-sin qPRIME * xi   + cos qPRIME * yi)2


		=   � EMBED Equation.2  ��� mi * (sin2 qPRIME * (xi)2  -  2 * cos qPRIME * sin qPRIME * xi * yi +


				+ cos2 qPRIME * (yi)2 )





		=   + sin2 qPRIME * � EMBED Equation.2  ��� mi * (xi)2





		       - 2 * cos qPRIME * sin qPRIME * � EMBED Equation.2  ��� mi * xi * yi





		     + cos2 qPRIME * � EMBED Equation.2  ��� mi * (yi)2





		=   + sin2 qPRIME * IYY





		       + 2 *cos qPRIME * sin qPRIME * IXY





		     + cos2 qPRIME * IXX





and





	IYY-PRIME   =   � EMBED Equation.2  ��� mi * (xi-PRIME)2


		=   � EMBED Equation.2  ��� mi * (cos qPRIME * xi   + sin qPRIME * yi)2


		=   � EMBED Equation.2  ��� mi * (cos2 qPRIME * (xi)2  +  2 * cos qPRIME * sin qPRIME * xi * yi


				+ sin2 qPRIME * (yi)2 )





		=   + cos2 qPRIME * � EMBED Equation.2  ��� mi * (xi)2





		       + 2 * cos qPRIME * sin qPRIME * � EMBED Equation.2  ��� mi * xi * yi





		     + sin2 qPRIME * � EMBED Equation.2  ��� mi * (yi)2





		=   + cos2 qPRIME * IYY





		       - 2 * cos qPRIME * sin qPRIME * IXY





		     + sin2 qPRIME * IXX





and


�	IYX-PRIME   =   IYX-PRIME   =   -� EMBED Equation.2  ��� mi * xi-PRIME * yi-PRIME


	=   -� EMBED Equation.2  ��� mi * (cos qPRIME * xi  +  sin qPRIME * yi) * (-sin qPRIME * xi  +  cos qPRIME * yi)


	=   -� EMBED Equation.2  ��� mi * (-cos qPRIME * sin qPRIME * (xi)2  -   sin2 qPRIME * xi * yi


				+ cos2 qPRIME * xi * yi    + cos qPRIME * sin qPRIME * (yi)2 )





	=   + cos qPRIME * sin qPRIME * � EMBED Equation.2  ��� mi * (xi)2





	     + sin2 qPRIME * � EMBED Equation.2  ��� mi * xi * yi





	     - cos2 qPRIME * � EMBED Equation.2  ��� mi * xi * yi





	       - cos qPRIME * sin qPRIME * � EMBED Equation.2  ��� mi * (yi)2





	=   + cos qPRIME * sin qPRIME * IXX





	        + sin2 qPRIME * IXY





	     - cos2 qPRIME * IXY





	      - cos qPRIME * sin qPRIME * IYY








Recapping, we have :





IXX-PRIME   =	+ sin2 qPRIME * IYY





		+ 2 *cos qPRIME * sin qPRIME * IXY





		+ cos2 qPRIME * IXX





IYY-PRIME   =	+ cos2 qPRIME * IYY





		- 2 *cos qPRIME * sin qPRIME * IXY





		+ sin2 qPRIME * IXX





IXY-PRIME   =	+ cos qPRIME * sin qPRIME * IXX





		+ sin2 qPRIME * IXY





		- cos2 qPRIME * IXY





	      	- cos qPRIME * sin qPRIME * IYY








Therefore, noting the general equality as follows :





	cos2 qPRIME * IXX     +    sin2 qPRIME * IYY





=	(cos2 qPRIME   +   sin2 qPRIME) * � EMBED Equation.2  ���   +   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





=	� EMBED Equation.2  ���   +   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





( cos2 qPRIME   +   sin2 qPRIME   =   1    is a trigonometry identity)	





and :


	 sin2 qPRIME * IXX     +    cos2 qPRIME * IYY





=	(cos2 qPRIME   +   sin2 qPRIME) * � EMBED Equation.2  ���   -   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





=	� EMBED Equation.2  ���   -   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





Therefore,





IXX-PRIME   =	+ cos2 qPRIME * IXX    +    sin2 qPRIME * IYY   +   2 * cos qPRIME * sin qPRIME * IXY





	=	� EMBED Equation.2  ���   +   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





		+   2 * cos qPRIME * sin qPRIME * IXY








	=	� EMBED Equation.2  ���   +   cos 2qPRIME * � EMBED Equation.2  ���   +    sin 2qPRIME * IXY





IYY-PRIME   =	+ sin2 qPRIME * IXX    +    cos2 qPRIME * IYY   -  2 *cos qPRIME * sin qPRIME * IXY





	=	� EMBED Equation.2  ���   -   (cos2 qPRIME   -   sin2 qPRIME) * � EMBED Equation.2  ���





		-   2 * cos qPRIME * sin qPRIME * IXY








	=	� EMBED Equation.2  ���   -   cos 2qPRIME * � EMBED Equation.2  ���   -   sin 2qPRIME * IXY





IXY-PRIME    =	+ cos qPRIME * sin qPRIME * IXX   -   cos qPRIME * sin qPRIME * IYY





		- cos2 qPRIME * IXY   +  sin2 qPRIME * IXY





	=   + 2 * cos qPRIME * sin qPRIME * � EMBED Equation.2  ���   -   ( cos2 qPRIME -  sin2 qPRIME ) * IXY





	=   +   sin 2qPRIME * � EMBED Equation.2  ���   -   cos 2qPRIME * IXY





Therefore if we set up :





	KIA   =   � EMBED Equation.2  ���





	(KIB)2   =   (� EMBED Equation.2  ���) 2   +   (IXY) 2		(KIB  being positive.) 





	2qKI   =   arctan (� EMBED Equation.2  ���) 





so that :





	IXY   =   KIB * sin 2qKI


	


	      	


	� EMBED Equation.2  ���   =   KIB * cos 2qKI





Then, we have :





IXX-PRIME   =   � EMBED Equation.2  ���   +   cos 2qPRIME * � EMBED Equation.2  ���   +    sin 2qPRIME * IXY


	     =   KIA   +   KIB * cos 2qPRIME  * cos 2qKI   +    KIB* sin 2qPRIME * sin 2qKI 





	     =   KIA   +   KIB * cos (2qPRIME  -  2qKI)





�
IYY-PRIME   =   � EMBED Equation.2  ���   -   cos 2qPRIME * � EMBED Equation.2  ���   -    sin 2qPRIME * IXY


	     =   KIA   -   KIB * cos 2qPRIME  * cos 2qKI   -    KIB * sin 2qPRIME * sin 2qKI 





	     =   KIA   -   KIB * cos (2qPRIME  -  2qKI)





IXY-PRIME   =   +   sin 2qPRIME * � EMBED Equation.2  ���   -   cos 2qPRIME * IXY





	     =   + KIB * sin 2qPRIME * cos 2qKI    - KIB * cos 2qPRIME * sin 2qKI





	     =   + KIB * sin (2qPRIME  -  2qKI)





We note here that :





	� EMBED Equation.2  ���


=	� EMBED Equation.2  ���* [( KIA   +   KIB* cos (2qPRIME  -  2qKI) )  + ( KIA   -   KIB* cos (2qPRIME  -  2qKI) )] 





=	� EMBED Equation.2  ���* [ 2 *  KIA ]





=	KIA





and





	(� EMBED Equation.2  ���)2   +   (IXY-PRIME)2





=	{� EMBED Equation.2  ���* [( KIA + KIB * cos (2qPRIME  -  2qKI) )  - ( KIA - KIB * cos (2qPRIME  -  2qKI) )]}2


		


	+ {KIB * sin (2qPRIME  -  2qKI) }2





=	{� EMBED Equation.2  ���* [ 2 * KIB * cos (2qPRIME  -  2qKI) ]}2   +    {KIB * sin (2qPRIME  -  2qKI) }2





=	(KIB)2* (cos (2qPRIME  -  2qKI)) 2   +   (KIB)2 * (sin (2qPRIME  -  2qKI)) 2





=	(KIB)2





Thus, once the relative positions of m1, m2, and m3 about the Mass Center on the ex/ey plane are determined/fixed, then the values for  KIA  and  (KIB)2  are constant regardless of how the X-Y Axis are oriented , i.e. qPRIME  may change without affecting KIA  and  (KIB)2.





 


We therefore set up the Principle Directions, eX-PRINCIPLE, and eY-PRINCIPLE :


� 


so that for  qPRIME  =  qPRINCIPLE, we have IXY-PRINCIPLE  = IXY-PRIME  =  0.





Thus,





a)	if we have a rotation purely in the eX-PRINCIPLE direction, it will not cause an Angular Momentum in the eY-PRINCIPLE direction, since IXY-PRINCIPLE  =  0.








b)	if we have a rotation purely in the eY-PRINCIPLE direction, it will not cause an Angular Momentum in the eX-PRINCIPLE direction, since IXY-PRINCIPLE  =  0.








Thus, setting IXY-PRINCIPLE =  0  yields :





IXY-PRINCIPLE   =   +   sin 2qPRINCIPLE * � EMBED Equation.2  ���   -   cos 2qPRINCIPLE * IXY





	     =   + KIB * sin 2qPRINCIPLE * cos 2qKI    - KIB * cos 2qPRINCIPLE * sin 2qKI





	      =   + KIB * sin (2qPRINCIPLE  -  2qKI)





	     =   0





Assuming that  KI B � EMBED Equation.2  ���  0, then		(KI B  =  0  is discussed below)





	sin (2qPRINCIPLE  -  2qKI)   =   0





Therefore,





	(2qPRINCIPLE  -  2qKI)   =   n P		where   n   is any integer, including  0.





Therefore,





	2qPRINCIPLE    =    2qKI   +   n P





yielding,





	qPRINCIPLE    =    qKI   +   n � EMBED Equation.2  ���		where   n   is any integer, including  0.





Thus,





	qPRINCIPLE    =    qKI			for   n  =  0.





	qPRINCIPLE    =    qKI   +   � EMBED Equation.2  ���		for    n  =  1.





Essentially this means that Principle Directions eX-PRINCIPLE and eY-PRINCIPLE are orthogonal., in that qPRINCIPLE for eX-PRINCIPLE and qPRINCIPLE for eY-PRINCIPLE differs by� EMBED Equation.2  ���.





In the case where KIB  =  0, then





	(KIB)2   =   (� EMBED Equation.2  ���) 2   +   (IXY) 2   =   0





yielding,





	 (� EMBED Equation.2  ���) 2    =   0





	(IXY) 2   =   0 





Therefore,  IXX  =  IYY and IXY  =  0.





�
Under such circumstances,





	IXX-PRIME  =  IYY-PRIME   and   IXY-PRIME   =  0,





	for all values of qPRIME,





so that all directions in the the ex/ey plane are Principle Directions.





This special case is an important one and is valid for all values of m1, m2, and m3. i.e. regardless of the values of  m1, m2, and m3, one can always find an orientation for m1, m2, and m3, so that  IXX-PRIME  =  IYY-PRIME   and   IXY-PRIME   =  0  for all values of qPRIME.





This will be discussed later in another Chapter on Plane Rigid Body Rotation.








We then set up the Principle Directions exp and eyp so that :





	exp   =   + cos qPRINCIPLE * ex   +   sin qPRINCIPLE *  ey





	eyp   =   - sin qPRINCIPLE * ex    +   cos qPRINCIPLE *  ey





and





	xpi   =   xi * cos qPRINCIPLE   +   yi * sin qPRINCIPLE





	ypi   =   - xi * sin qPRINCIPLE   +   yi * cos qPRINCIPLE








We also set   ezp  =  ez  so that exp, eyp, and ezp  forms a set of basis.








Therefore, the Moments of Inertia in the Principle Directions exp and eyp are then : 





	IX =   � EMBED Equation.2  ��� mi * (ypi)2





	IY =   � EMBED Equation.2  ��� mi * (xpi)2 





with the condition that :





	0   =   - � EMBED Equation.2  ��� mi * xpi * ypi		(IXY = 0 for Principle Directions)	








We therefore define  wxp(t), wyp(t), and wzp(t) so that :





	� EMBED Equation.2  ���� EMBED Equation.2  ���    =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





and noting that :





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���


   


and





	� EMBED Equation.2  ���� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





this then yields :





	wxp(t)   =   + cos qPRINCIPLE * wx(t)  +   sin qPRINCIPLE * wy(t)





	wyp(t)   =   - sin qPRINCIPLE * wx(t)  +   cos qPRINCIPLE * wy(t)





	wzp(t)   =   wz(t)   +   � EMBED Equation.2  ���qPRINCIPLE





But we have not originally imposed any conditions on  � EMBED Equation.2  ���, other than that m1, m2, and m3,  as well as the Mass Center, are on the ex/ey plane.





Thus we can readily switch over to the 





	� EMBED Equation.2  ���� EMBED Equation.2  ���    =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





system and set our differential equations therefrom.








Thus, the Angular Momentum in the ex/ey plane, HT3, is given by :





	 HT3	=	+   wx(t) * IXX * ex    +   wy(t) * IXY * ex 





			+   wx(t) * IYX * ey    +   wy(t) * IYY * ey





		=	+   wxp(t) * IX * exp   +   wyp(t) * IY * eyp 





(which can be readily verified from the above equations)
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