THE ROTATION EQUATIONS FOR CONSTANT ANGULAR MOMENTUM :





Let us recall now that we have previously established that the Total Angular Momentum, HT, which is constant for the three Point-Masses system under Gravitational attraction, is given by the following, using the Rotating Reference Frame, � EMBED Equation.2  ���, for which the exact orientation/position of  ex  and  ey  within the ex/ey  plane has not been specified.





We have :





	HT   =   HT1   +   HT2   +    HT3





where


	


	HT1  is the Anuglar Momentum in the ez direction caused by a change in the local angles q1, q2, and q3.  Therefore :





	HT1   =   � EMBED Equation.2  ��� mi * (ri)2  *  � EMBED Equation.2  ��� * ez





	         =   (HZ-PURE   +   HZ-EXTRA) * eZ





	where :





	HZ-PURE  is the Angular Momentum caused by a ‘Pure’ Rotation, i.e. a component of


	 � EMBED Equation.2  ��� QT   with :





		� EMBED Equation.2  ���q1   =   � EMBED Equation.2  ��� q2   =   � EMBED Equation.2  ��� q3





	so that this component of  � EMBED Equation.2  ���QT  is in the (1, 1, 1) direction.





	and, HZ-EXTRA  is the Angular Momentum caused by an ‘Extra’ Rotation, i.e. a


	component of  � EMBED Equation.2  ��� QT   with :





		� EMBED Equation.2  ���q1   +   � EMBED Equation.2  ��� q2   +  � EMBED Equation.2  ��� q3   =   0





	so that this component of � EMBED Equation.2  ��� QT  is orthogonal to the (1, 1, 1) direction, or in the  eHFA/eHFB plane.








and,





	HT2  is the Angular Momentum in the  ez  direction caused by a Rotation of the Reference Frame due to  wz(t) * ez.  





	HT2   =   wz(t) * � EMBED Equation.2  ��� mi * (ri)2 * ez





	        =   wz(t) * IZZ * eZ





and,





	HT3  is the Angular Momentum in the  ex/ey  plane caused by a Rotation of the Reference Frame due to   { wx(t) * ex  +  wy(t) * ey }.





	HT3	=	+   wx(t) * IXX *ex    +   wy(t) * IXY *ex 





			+   wx(t) * IYX *ey    +   wy(t) * IYY *ey 





Thus, switching over to the Rotating Reference Frame � EMBED Equation.2  ���for the Principle Directions,


 


a)	(HT-PURE * ez) disappears because exp and eyp are the Principle Directions, so that, if � EMBED Equation.2  ���QT  has a non-zero component in the (1, 1, 1) direction, then, for this component :





		� EMBED Equation.2  ���q1   =   � EMBED Equation.2  ��� q2   =   � EMBED Equation.2  ��� q3   is not zero, thereby causing a ‘Pure’ Rotation





	and thus rotating the Principle Directions exp and eyp accordingly, relative to exp and eyp. But this is self-contradicting.  (unless IX = IY  in which case all directions in the  exp/eyp plane are Principle Directions and caution must be exercised then). Thus, � EMBED Equation.2  ���QT  has a zero component in the (1, 1, 1) direction.





	i.e.	if we started out with  r1,  r2,  r3  and  q1-old , q2-old , q3-old  before the ‘pure’ rotation and ended up with r1,  r2,  r3  and  q1-new , q2-new , q3-new  after the ‘pure’ rotation such that :





		q1-new   =   q1-old   +   Dq


	


		q2-new   =   q2-old   +   Dq


	


		q3-new   =   q3-old   +   Dq





	then, we would have expected the Principle Directions to have rotated by  Dq  also. 





b)	(HT-EXTRA * ez)  remains unchanged since switching from the basis  � EMBED Equation.2  ��� to the basis � EMBED Equation.2  ���, involves adding a component in  QT in the (1, 1, 1) direction, i.e.





		Dq1   =   Dq2   =   Dq3   =  qPRINCIPLE





	such that 





		QT  for the Principle Direction





	 = 	QT  for the general ex/ey direction   +    [Dq1, Dq2, Dq3 ]





	so that the component of  � EMBED Equation.2  ���QT  in the eHFA/eHFB plane, casuing HT-EXTRA, is unaffacted.





c)	HT2  now becomes  wzp(t) * IZ * ezp





	where  IZ   =   � EMBED Equation.2  ��� mi * (ri)2





		        =   � EMBED Equation.2  ��� mi * [(xpi ) 2 + (ypi)2]





		     =   � EMBED Equation.2  ��� mi * (xpi)2   +   � EMBED Equation.2  ��� mi * (ypi)2





		     =   IY  +  IX





�
d)	HT3   now becomes equal to  ( +   wxp(t) * IX * exp   +   wyp(t) * Iy * eyp) as per previous discussion.








Therefore, as we have previously set up :








	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





and





	� EMBED Equation.2  ���� EMBED Equation.2  ���    =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���








We now proceed to set up the Rotation Equations based on the Principle Directions, as follows :





	HT   =   HXP * eXP   +   HYP * eYP   +    HZP * eZP





where :





	HXP    =   IX * wXP(t)





	HYP    =   IY * wYP(t)





	HZP    =   IZ * wZP(t)   +  HZ-EXTRA


	


Then,





	� EMBED Equation.2  ��� HT   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   � EMBED Equation.2  ���� EMBED Equation.2  ���





	 =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���   +   � EMBED Equation.2  ��� � EMBED Equation.2  ���� EMBED Equation.2  ���  � EMBED Equation.2  ���� EMBED Equation.2  ���





	=   � EMBED Equation.2  ���� EMBED Equation.2  ���





	      +   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





But   � EMBED Equation.2  ��� HT   =   0   for constant Angular Momentum, therefore,





	0   =	� EMBED Equation.2  ���HXP   -   HYP * wZP(t)   +   HZP * wYP(t)





	0   =	� EMBED Equation.2  ���HYP   +   HXP * wZP(t)   -   HZP * wXP(t)





	 0   =	� EMBED Equation.2  ���HZP   -   HXP * wYP(t)   +   HYP * wXP(t)





Thus, noting that :





	� EMBED Equation.2  ���HXP   =   � EMBED Equation.2  ���IX * wXP(t)   +   IX * � EMBED Equation.2  ���wXP(t)





	� EMBED Equation.2  ���HYP   =   � EMBED Equation.2  ���IY * wYP(t)   +   IY * � EMBED Equation.2  ���wYP(t)





	� EMBED Equation.2  ���HZP   =   � EMBED Equation.2  ���IZ* wZP(t)   +   IZ * � EMBED Equation.2  ���wZP(t)   +   � EMBED Equation.2  ���HZ-EXTRA





�
Therefore,





0   =	� EMBED Equation.2  ���IX * wXP(t)   +   IX * � EMBED Equation.2  ���wXP(t)   -   IY * wYP(t) * wZP(t)   +   IZ * wZP(t) * wYP(t)





	+   HZ-EXTRA * wYP(t)





0   =	� EMBED Equation.2  ���IY * wYP(t)   +   IY * � EMBED Equation.2  ���wYP(t)   +   IX * wXP(t) * wZP(t)   -   IZ * wZP(t) * wXP(t)





	-   HZ-EXTRA * wXP(t)





 


0   =	� EMBED Equation.2  ���IZ* wZP(t)   +   IZ * � EMBED Equation.2  ���wZP(t)   +   � EMBED Equation.2  ���HZ-EXTRA





	-   IX * wXP(t) * wYP(t)   +   IY * wYP(t) * wXP(t)


�Therefore, re-arranging yields :





IX * � EMBED Equation.2  ���wXP(t)   =   - � EMBED Equation.2  ���IX * wXP(t)   -   (IZ -  IY) * wYP(t) * wZP(t)   -   HZ-EXTRA * wYP(t)





IY * � EMBED Equation.2  ���wYP(t)   =   - � EMBED Equation.2  ���IY * wYP(t)   +   (IZ-  IX) * wXP(t) * wZP(t)   +   HZ-EXTRA * wXP(t)





IZ * � EMBED Equation.2  ���wZP(t)   =    - � EMBED Equation.2  ���IZ* wZP(t)   -   � EMBED Equation.2  ���HZ-EXTRA   +   (IX  - IY) * wXP(t) * wYP(t)





Therefore,





� EMBED Equation.2  ���wXP(t)   =   - � EMBED Equation.2  ��� � EMBED Equation.2  ���IX * wXP(t)   -   � EMBED Equation.2  ��� * wYP(t) * wZP(t)   -   � EMBED Equation.2  ��� * HZ-EXTRA * wYP(t)





� EMBED Equation.2  ���wYP(t)   =   - � EMBED Equation.2  ���� EMBED Equation.2  ���IY * wYP(t)   +   � EMBED Equation.2  ��� * wXP(t) * wZP(t)   +   � EMBED Equation.2  ���* HZ-EXTRA * wXP(t)





� EMBED Equation.2  ���wZP(t)   =    - � EMBED Equation.2  ���� EMBED Equation.2  ���IZ* wZP(t)   -   � EMBED Equation.2  ���*� EMBED Equation.2  ���HZ-EXTRA   +   � EMBED Equation.2  ���* wXP(t) * wYP(t)








�
We note here that, from above,





	IZ   =   IX   +   IY





Therefore :





	� EMBED Equation.2  ���   =   1		and 	� EMBED Equation.2  ���   =   1





We now set up a ratio variable  l (t) such that :





	l (t)   =   � EMBED Equation.2  ���		so that the values for l (t) is from -1 to +1.





i.e.	l (t)   =   � EMBED Equation.2  ���





so that :





	IX   =   IZ *� EMBED Equation.2  ���	


	IY   =   IZ *� EMBED Equation.2  ���





Therefore :





	� EMBED Equation.2  ���IX   =   � EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   +   IZ *� EMBED Equation.2  ���� EMBED Equation.2  ���





		=   � EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   +   � EMBED Equation.2  ���* IZ *� EMBED Equation.2  ���


	


	� EMBED Equation.2  ���IY   =   � EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   +    IZ *� EMBED Equation.2  ���� EMBED Equation.2  ���





		=   � EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   -   � EMBED Equation.2  ���* IZ *� EMBED Equation.2  ���





�
Therefore, substituting yields :





� EMBED Equation.2  ���wXP(t)   =   - � EMBED Equation.2  ��� � EMBED Equation.2  ���IX * wXP(t)   -   � EMBED Equation.2  ��� * wYP(t) * wZP(t)   -   � EMBED Equation.2  ��� * HZ-EXTRA * wYP(t)





	=   - � EMBED Equation.2  ���* � EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   +   � EMBED Equation.2  ���* IZ *� EMBED Equation.2  ���� EMBED Equation.2  ���* wXP(t)





	      -   wYP(t) * wZP(t)    - � EMBED Equation.2  ���* � EMBED Equation.2  ��� * HZ-EXTRA * wYP(t)


	


� EMBED Equation.2  ���wYP(t)   =   - � EMBED Equation.2  ���� EMBED Equation.2  ���IY * wYP(t)   +   � EMBED Equation.2  ��� * wXP(t) * wZP(t)   +   � EMBED Equation.2  ���* HZ-EXTRA * wXP(t)





	=   - � EMBED Equation.2  ���* � EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���IZ *� EMBED Equation.2  ���   -   � EMBED Equation.2  ���* IZ *� EMBED Equation.2  ���� EMBED Equation.2  ���* wYP(t)





	     +   wXP(t) * wZP(t)    +   � EMBED Equation.2  ���* � EMBED Equation.2  ��� * HZ-EXTRA * wXP(t)





� EMBED Equation.2  ���wZP(t)   =    - � EMBED Equation.2  ���� EMBED Equation.2  ���IZ* wZP(t)   -   � EMBED Equation.2  ���*� EMBED Equation.2  ���HZ-EXTRA   +   � EMBED Equation.2  ���* wXP(t) * wYP(t)





	=   - � EMBED Equation.2  ��� *� EMBED Equation.2  ���IZ* wZP(t)   -   � EMBED Equation.2  ���*� EMBED Equation.2  ���HZ-EXTRA   +   2 * l* wXP(t) * wYP(t)





Therefore, rewriting yields :





� EMBED Equation.2  ���wXP(t)   =	- � EMBED Equation.2  ��� *� EMBED Equation.2  ���IZ * wXP(t)    +   � EMBED Equation.2  ���*� EMBED Equation.2  ���* � EMBED Equation.2  ���* wXP(t)    -   wYP(t) * wZP(t)





		- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ��� * wYP(t)


	


� EMBED Equation.2  ���wYP(t)   =	- � EMBED Equation.2  ���* � EMBED Equation.2  ���IZ * wYP(t)   -   � EMBED Equation.2  ���*� EMBED Equation.2  ��� *� EMBED Equation.2  ���* wYP(t)    -   wXP(t) * wZP(t)





		+   � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ��� * wXP(t)





� EMBED Equation.2  ���wZP(t)   =	- � EMBED Equation.2  ��� *� EMBED Equation.2  ���IZ* wZP(t)    +   2 * l* wXP(t) * wYP(t)   -   � EMBED Equation.2  ���*� EMBED Equation.2  ���HZ-EXTRA


 





Therefore, re-arranging yields :








� EMBED Equation.2  ���   =   - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * � EMBED Equation.2  ���  +  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���  +  � EMBED Equation.2  ���








		- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���   -   � EMBED Equation.2  ���   





This is a very important equation and we will be discussing the effects of each of these five 





components of � EMBED Equation.2  ��� in later Chapters.








However we should note now that by defining WTP(t), the Angular Velocity vector for the rotation of the exp, eyp, ezp  Reference Frame, as follows :








	WTP(t)   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





�
Then





	� EMBED Equation.2  ���WTP(t)   =   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





			   +   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���








		=	� EMBED Equation.2  ���� EMBED Equation.2  ���





   		       +   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





		=	� EMBED Equation.2  ���� EMBED Equation.2  ���   +   0


Therefore :





	� EMBED Equation.2  ���WTP(t)    =   � EMBED Equation.2  ���� EMBED Equation.2  ���
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