ROTATION OF THE ‘RIGID-PLANE’ FROM A GLOBAL PERSPECTIVE  :





In this Chapter, we will look at the rotation of the ‘Rigid-plane’ Three Point-Masses System, from a global perspective.





In particular, we will try to understand the rotation of the� EMBED Equation.2  ���reference frame on the Plane Rigid Body, and also � EMBED Equation.2  ���, relative to the stationery (Global) reference frame,� EMBED Equation.2  ���


.





We note from the previous Chapter, for a Plane Rigid Body :





	wq(t)    =    constant





and,





a)	� EMBED Equation.2  ���wZP(t)   =   + l  * (wq(t))2 * cos qq * sin qq





		 =   + � EMBED Equation.2  ��� * l  * (wq(t))2 * sin 2*qq





b)	� EMBED Equation.2  ���qq   =  � EMBED Equation.2  ���� EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���    -   (wq(t))2 *  [� EMBED Equation.2  ���  +   � EMBED Equation.2  ���* cos 2*qq]� EMBED Equation.2  ���








c)	qHU   =   arctan � EMBED Equation.2  ���� EMBED Equation.2  ���*� EMBED Equation.2  ���� EMBED Equation.2  ���   and 





	� EMBED Equation.2  ���qHU   =    � EMBED Equation.2  ��� *  � EMBED Equation.2  ���qq





d)	(HT)2    =    (HU(t) )2   +   (HZP(t) )2





where


	(HU)2   =   (wq(t))2 * (IZ)2 *  [� EMBED Equation.2  ���  +   � EMBED Equation.2  ���* cos 2*qq]


We will now establish the relation between  � EMBED Equation.2  ���fHT,  � EMBED Equation.2  ���gHT and wxp(t), wyp(t), wzp(t).





Since we have defined :





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���	


 


and





	� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





Therefore,





� EMBED Equation.2  ���� EMBED Equation.2  ���   =   (� EMBED Equation.2  ���qHU) *� EMBED Equation.2  ���� EMBED Equation.2  ���





		+   � EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���





	=   (� EMBED Equation.2  ���qHU) *� EMBED Equation.2  ���� EMBED Equation.2  ���





		+   � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





�
	=   (� EMBED Equation.2  ���qHU) *� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���   +





� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���





	=   (� EMBED Equation.2  ���qHU) *� EMBED Equation.2  ���� EMBED Equation.2  ���





		+	� EMBED Equation.2  ���� EMBED Equation.2  ���





Therefore, re-writting yields :





� EMBED Equation.2  ���� EMBED Equation.2  ���  =   � EMBED Equation.2  ���� EMBED Equation.2  ���





What this says is actually quite simple :





if we set up :





	� EMBED Equation.2  ���� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���


��
Then,





	wHU(t)   =   + wYP(t) * sin qHU   +   wXP(t) * cos qHU





		=    + wq(t) * sin qq * sin qHU + wq (t) * cos qq * cos qHU





		=   + wq(t) * cos(qq - qHU)





	wHV(t)   =   + wYP(t) * cos qHU   -   wXP(t) * sin qHU





		=    + wq(t) * sin qq * cos qHU   -   wq (t) * cos qq * sin qHU





		=   + wq(t) * sin(qq - qHU)





	wHZ(t)   =   + wZP(t)   +   � EMBED Equation.2  ��� qHU





This simply means that  wHU(t) * eHU and  wHV(t) * eHV  are the components of  wq(t) *eqp such that :





	wq(t) * eqp   =   wHU(t) * eHU   +   wHV(t) * eHV





where :





	wHU(t)   =   + wq(t) * cos(qq - qHU)





	wHV(t)   =   + wq(t) * sin(qq - qHU)








Thus, comparing with the same we have developed before from the non-rotating eHA/eHB/eHT co-ordinate system, as follows :





� EMBED Equation.2  ���� EMBED Equation.2  ���   =   � EMBED Equation.2  ���� EMBED Equation.2  ���





�
We can therefore write the following 3 equations :





	sin gHT * � EMBED Equation.2  ���fHT   =   + wyp(t) * sin qHU   +   wxp(t) * cos qHU





	� EMBED Equation.2  ��� gHT   =   + wyp(t) * cos qHU   -   wxp(t) * sin qHU





	cos gHT * � EMBED Equation.2  ���fHT   =   wzp(t)    +   � EMBED Equation.2  ��� qHU 





and solve for � EMBED Equation.2  ���fHT and � EMBED Equation.2  ��� gHT.








But let us first look at the base case where  l  =  0. This is the case of the Gyroscope, where IX  =   IY  and all directions on the exp/eyp plane are Principle Directions.





Therefore, for  l  =  0 :





a)	� EMBED Equation.2  ���wZP(t)   =   + � EMBED Equation.2  ��� * l  * (wq(t))2 * sin 2*qq   =   0





	i.e. wZP(t)  is constant and HZP  =  wZP(t) * IZ   is also constant.





b)	� EMBED Equation.2  ���qq   =  � EMBED Equation.2  ���� EMBED Equation.2  ��� * � EMBED Equation.2  ���� EMBED Equation.2  ���    -   (wq(t))2 *  [� EMBED Equation.2  ���  +   � EMBED Equation.2  ���* cos 2*qq]� EMBED Equation.2  ���





	is also constant.





c)	qHU   =   arctan � EMBED Equation.2  ���� EMBED Equation.2  ���*� EMBED Equation.2  ���� EMBED Equation.2  ���   





	yields,





		qHU   =   qq  





d)	(HU)2   =   (wq(t))2 * (IZ)2 *  [� EMBED Equation.2  ���  +   � EMBED Equation.2  ���* cos 2*qq]   =   constant





�
Then the 2nd of the three equations from above :





i.e.	sin gHT * � EMBED Equation.2  ���fHT   =   + wyp(t) * sin qHU   +   wxp(t) * cos qHU





	� EMBED Equation.2  ��� gHT   =   + wyp(t) * cos qHU   -   wxp(t) * sin qHU





	cos gHT * � EMBED Equation.2  ���fHT   =   wzp(t)    +   � EMBED Equation.2  ��� qHU 





yields :





	� EMBED Equation.2  ��� gHT   =   + wyp(t) * cos qHU   -   wxp(t) * sin qHU





		   =   + wq(t) * sin qq * cos qHU   -   wq(t) * cos qq * sin qHU





		   =   + wq(t) * sin (qq - qHU)





But  qHU  =   qq   for  l  =  0, such that :





	� EMBED Equation.2  ��� gHT   =   + wq(t) * sin (qq - qHU)   =   0





Therefore,





	gHT   =   constant,	





which is what we might have expected with  HU  and  HZP  both being constants. 





Solving either of the other two equations then yields that :





	� EMBED Equation.2  ��� fHT   =   constant





which is the usual description of the motions of a Gyroscope. i.e.





 	gHT   =   constant,	and	� EMBED Equation.2  ��� fHT   =   constant





�
Let us now go to the case where  l  is not zero.





Then, for constant  wq(t) and  IZ , the value of  HU  will fluctuate between two extremes given by :





	(HU)2   =   (wq(t))2 * (IZ)2 *  [� EMBED Equation.2  ���  +   � EMBED Equation.2  ���* cos 2*qq]





	evaluated for  qq =  0  and  P		and	 for  qq =   P/2   and 3P/2


 


and we will label these values  HU-MAX  and  HU-MIN ,  respectively. 





(which one is  HU-MAX  and  which one is HU-MIN  will depend on whether  l  is positive or negative)








CASE I :	for  HT2  >   HU-MAX2





Then, there corresponds two angles  gHT-MAX  and  gHT-MIN  given by :





a)	if  0 � EMBED Equation.2  ��� gHT � EMBED Equation.2  ��� P/2,  then :	(wzp(t) is positive)





	gHT-MAX   =   arcsin � EMBED Equation.2  ���		and


	gHT-MIN   =   arcsin � EMBED Equation.2  ���





b)	if  P/2 � EMBED Equation.2  ��� gHT � EMBED Equation.2  ��� P,  then :	(wzp(t) is negative)





	gHT-MAX   =   arcsin � EMBED Equation.2  ���		and


	gHT-MIN   =   arcsin � EMBED Equation.2  ���





such that   gHT  will oscillate between these two extremes to give the Plane Rigid Body a ‘wobbly’ type motion.








CASE II :	for  HT2  <   HU-MAX2





(but  HT2  � EMBED Equation.2  ���   HU-MIN2   in all cases because the condition





	HT2   =   HZP2   +   HU2





has to be satisfied initially with  HZP2  � EMBED Equation.2  ��� 0.)





In this case, the maximum possible value for  HU2   is :





	HU2   =   HT2		such that  HZP2   =   0   when this happens.





Thus, the possible values of  HU2  are then :





	HU-MIN2  � EMBED Equation.2  ���  HU2  � EMBED Equation.2  ���  HT2





We note here that :





a)	at  HU2   =   HT2  ,  gHT   =   P/2





	such that :





	HZP   =   HT *cos gHT   =   0





b)	at   HU2  =  HU-MIN2  , there are two possibilities for  gHT  :





	gHT-MIN   =   arcsin � EMBED Equation.2  ���		0 � EMBED Equation.2  ��� gHT -MIN� EMBED Equation.2  ��� P/2,	and





	gHT-MAX   =   arcsin � EMBED Equation.2  ���		P/2 � EMBED Equation.2  ��� gHT -MAX� EMBED Equation.2  ��� P.





Therefore,  gHT  will oscillate between  gHT-MIN  and  gHT-MAX and pass through the point 





gHT  =   P/2,  while  wzp(t)  and  HZP  will go from positive to negative and visa-versa.








CASE III :	for  HT2  =   HU-MAX2





This is a strange case in that at the point where  HU2 =  HU-MAX2 :





	HZP2   =   HT2   -   HU-MAX2    =   0





	leading to wzp(t)  =  0





and,





	wq(t) * eqp   is rotating on one of the Principle Directions,





	(this is so because  wq(t) *eqp   must be on the Principle Direction with the larger


	 Moment Of Inertia in order to achieve  HU-MAX.)





Thus,  the only component in  WT  is  wq(t) *eqp  on a Principle Direction.





(because  wzp(t)  = 0  at this point)





But, a Plane Rigid Body rotating exactly on a Principle Direction does not move away from that Principle Direction.








It would seem then that if we start out originally anywhere where :





	HU-MIN2  � EMBED Equation.2  ���  HU2   <  HT2





such that :





	HZP2   =   HT2   -   HU2    is greater than zero.





we would never reach this point where  HU2 =  HU-MAX2  =   HT2.





The puzzling thing here is that if we do get to this point, then we stay there forever and don’t get out, because we would be rotating exactly on a Principle Direction. Then how did we get there in the first place, but can’t reverse the process to get back out ???
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