EFFECTS OF OTHER TERMS IN THE ROTATION EQUATION :





In this Chapter, we shall split the Rotation Equation :





� EMBED Equation.2  ���   =   - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * � EMBED Equation.2  ���  +  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���  +  � EMBED Equation.2  ���








		- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���   -   � EMBED Equation.2  ���   





into a Base Equation :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =  0





and four Impulse-type function :





a)	Impulse due to change in IZ :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =    - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * � EMBED Equation.2  ���





�
b)	Impulse due to change in l(t) :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =    +  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���








c)	Impulse due to rotation of HZ-EXTRA :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =  - � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���





d)	Impulse due to change in HZ-EXTRA :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =   -� EMBED Equation.2  ���





The base equation is the for the Rotation of a Plane Rigid Body which we have discussed to some length in the previous two Chapters.





Essentially, the solution is that  wq(t)  is constant  and  HU  varies according to qq(t). And  wzp(t)  changes according so that  HZP2   +   HU2   =   HT2.








Let us now look at the 1st Impulse function, i.e. Impulse due to change in IZ :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =    - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * � EMBED Equation.2  ���





�
we see here that , had the equation been :





	� EMBED Equation.2  ���     =    - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * � EMBED Equation.2  ���








we can re-write this as :





� EMBED Equation.2  ���� EMBED Equation.2  ���   =   - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ *� EMBED Equation.2  ���� EMBED Equation.2  ���





But we have previous defined :





	WTP(t)    =   � EMBED Equation.2  ���� EMBED Equation.2  ���





and





	� EMBED Equation.2  ���WTP(t)    =   � EMBED Equation.2  ���� EMBED Equation.2  ���





Therefore, this becomes :





	� EMBED Equation.2  ���WTP(t)    =   - � EMBED Equation.2  ���*� EMBED Equation.2  ���IZ * WTP(t)





What this simply says is that if we change the size variable  IZ , this will result in a change in 


WTP(t)  in the WTP(t)  direction, and this change is inversely proportional to the change in IZ .





�
Essentially, HT  is constant  and :





	HT   =   HXP   +   HYP   +   HZP�


	        =    IZ * � EMBED Equation.2  ��� * wxp(t) * exp  +   IZ *� EMBED Equation.2  ��� * wyp(t) * eyp +   IZ * wyp(t) * ezp





			+   HZ-EXTRA * ezp





Thus, a change in  IZ  while ‘freezing’  l  and  HZ-EXTRA, will result in an inversely proportional change in  wxp(t),  wyp(t),  wzp(t)  to keep HT constant.(or each individual component in the  exp,  eyp,  and  ezp  directions, respectively, constant).








Let us now look at the 2nd Impulse function, i.e. Impulse due to change in  l(t) :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =    +  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���





we can re-write this as :





	 � EMBED Equation.2  ���� EMBED Equation.2  ���





	-   � EMBED Equation.2  ���� EMBED Equation.2  ���





=	+  � EMBED Equation.2  ���* � EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���





�
and





	+  � EMBED Equation.2  ���* � EMBED Equation.2  ���* � EMBED Equation.2  ���� EMBED Equation.2  ���


=	+  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���* [(1 - l) * wyp(t) * exp   +   (1 + l) * wxp(t) * eyp]





Therefore, this 2nd Impulse Function has zero component in the  ezp  direction.








We have set up, from before, for :





	wq(t)   =   wq(t) * eqp





		  =   wxp(t) * exp   +   wyp(t) * eyp





such that :





	eqp   =   cos qq exp   +   sin qq eyp





	esp   =  - sin qq exp   +   cos qq eyp





	wxp(t)   =   wq(t) * cos qq





	wyp(t)   =   wq(t) * sin qq





yielding :





	� EMBED Equation.2  ���wxp(t)   =   � EMBED Equation.2  ��� wq(t) * cos qq   -   wq(t) * sin qq * � EMBED Equation.2  ��� qq





	� EMBED Equation.2  ���wyp(t)   =   � EMBED Equation.2  ��� wq(t) * sin qq   +   wq(t) * cos qq* � EMBED Equation.2  ��� qq





	exp   =   cos qq eqp   -   sin qq esp





	eyp   =   sin qq eqp   +   cos qq esp





�
Therefore, substituting in the 1st term of the Impulse Function differential equation yields :





	� EMBED Equation.2  ���� EMBED Equation.2  ���





=	+   [� EMBED Equation.2  ��� wq(t) * cos qq   -   wq(t) * sin qq * � EMBED Equation.2  ��� qq] * exp


	+   [� EMBED Equation.2  ��� wq(t) * sin qq   +   wq(t) * cos qq* � EMBED Equation.2  ��� qq] * eyp


	+   [� EMBED Equation.2  ��� wzp(t)] * ezp





=	+   [� EMBED Equation.2  ��� wq(t) * cos qq   -   wq(t) * sin qq * � EMBED Equation.2  ��� qq] * [cos qq * eqp  -  sin qq * esp]


	+   [� EMBED Equation.2  ��� wq(t) * sin qq   +   wq(t) * cos qq* � EMBED Equation.2  ��� qq] * [sin qq * eqp  +  cos qq * esp]


	+   [� EMBED Equation.2  ���wzp(t)] * ezp


=	+   [� EMBED Equation.2  ��� wq(t) ] * eqp


	+   [wq(t) * � EMBED Equation.2  ��� qq] * esp


	+   [� EMBED Equation.2  ���wzp(t)] * ezp





Therefore, substituting in the 2nd term of the Impulse Function differential equation yields :





	� EMBED Equation.2  ���� EMBED Equation.2  ���


=	-   wq(t) * sin qq * wzp(t) * exp





	+   wq(t) * cos qq * wzp(t) * eyp





	+   l * wq(t) * cos qq * wq(t) * sin qq * ezp	





=	-   wq(t) * sin qq * wzp(t) * [cos qq * eqp  -  sin qq * esp]





	+   wq(t) * cos qq * wzp(t) * [sin qq * eqp  +  cos qq * esp]





	+   l * (wq(t))2 * cos qq * sin qq * ezp





=	+   [0] * eqp





	+   wq(t) *  wzp(t) * [cos2 qq  -  sin2 qq] * esp





	+   l * (wq(t))2 * cos qq * sin qq * ezp





=	+   [0] * eqp





	+   wq(t) *  wzp(t) * cos 2*qq * esp





	+  � EMBED Equation.2  ��� * l * (wq(t))2 * sin 2*qq * ezp





Therefore, substituting in the 3rd term of the Impulse differential equation yields :





	+  � EMBED Equation.2  ���* � EMBED Equation.2  ���*� EMBED Equation.2  ���* [(1 - l) * wyp(t) * exp   +   (1 + l) * wxp(t) * eyp]





=	+   � EMBED Equation.2  ���*� EMBED Equation.2  ���* � EMBED Equation.2  ���(1 - l) * wq(t) * sin qq * exp


				+   (1 + l) * wq(t) * cos qq * eyp� EMBED Equation.2  ���





=	+   � EMBED Equation.2  ���*� EMBED Equation.2  ���* � EMBED Equation.2  ���(1 - l) * wq(t) * sin qq * (cos qq * eqp   -   sin qq esp)


				+   (1 + l) * wq(t) * cos qq * (sin qq * eqp   +   cos qq esp)� EMBED Equation.2  ���





=	+   � EMBED Equation.2  ���*� EMBED Equation.2  ���* � EMBED Equation.2  ���(1 - l) * wq(t) * sin qq * cos qq * eqp


				-   (1 - l) * wq(t) * sin qq * sin qq esp





				+   (1 + l) * wq(t) * cos qq * sin qq * eqp


				+   (1 + l) * wqp(t) * cos qq *cos qq esp � EMBED Equation.2  ���


=	+   � EMBED Equation.2  ���*� EMBED Equation.2  ���* � EMBED Equation.2  ��� wq(t) * sin qq * cos qq * [(1 - l) +  (1 + l)] * eqp


				+    wq(t) * [(1 + l) * cos2 qq  -  (1 - l) * sin2 qq] * esp � EMBED Equation.2  ���





=	+   � EMBED Equation.2  ���*� EMBED Equation.2  ���* wq(t) * � EMBED Equation.2  ���sin 2*qq * eqp   + [cos 2*qq  -  l] * esp � EMBED Equation.2  ���





Therefore, regrouping the 3 terms of the differential equation yields :





in the eqp direction :





� EMBED Equation.2  ��� wq(t)   -   0   =   + wq(t) * sin 2*qq * � EMBED Equation.2  ��� * � EMBED Equation.2  ���





in the esp direction :





wq(t) * � EMBED Equation.2  ��� qq  -   wq(t) *  wzp(t) * cos 2*qq   =   wq(t) * [cos 2*qq  -  l] * � EMBED Equation.2  ��� * � EMBED Equation.2  ���





 in the ezp direction :





� EMBED Equation.2  ���wzp(t)   -  � EMBED Equation.2  ��� * l * (wq(t))2 * sin 2*qq   =   0





Let us recall now that we originally solved the Base Equation above, (i.e. for  ‘a)’  above), for a Plane Rigid Body, for any given  HT  and holding  IZ ,  l  constant and ignoring HZ-EXTRA. The solution was that  wq(t) is constant for any given value of  l(t)   =  constant, subsequently yielding a set equilibrium values/equations for qq(t),  wzp(t)  � EMBED Equation.2  ���  HU(t),  HZP(t).





Therefore, by changing  l(t), we are moving from one equilibrium set of  [wq(t), l(t) ] to the next equilibrium set of  [wq(t), l(t) ], and for any given  qq(t)  for the time being, we can only move in a direction as defined above, i.e. :





	� EMBED Equation.2  ���wq(t) * eqp   =   + wq(t) * sin 2*qq * � EMBED Equation.2  ��� * � EMBED Equation.2  ��� *eqp





	wq(t) * � EMBED Equation.2  ���qq * esp   =   +  [cos 2*qq  -  l] * � EMBED Equation.2  ��� * � EMBED Equation.2  ���* esp





� EMBED Equation.2  ���	� EMBED Equation.2  ���qq * esp   =   + [cos 2*qq  -  l] * � EMBED Equation.2  ��� * � EMBED Equation.2  ���* esp





�
We note here that :





a)	if we start out at a Principle Direction :





		qq   =   0   or   P		(the exp/-exp direction)�	or


		qq   =    P/2   or  3*P/2	(the eyp/-eyp direction)�


	then : 





	� EMBED Equation.2  ���wq(t) * eqp   =   +   � EMBED Equation.2  ���*� EMBED Equation.2  ���* wq(t) * sin 2*qq * eqp





			     =   0	(because   sin 2*qq  = 0)





	wq(t)  therefore does not change with   � EMBED Equation.2  ���.








Let us now look at the 3rd Impulse function, i.e. Impulse due to rotation of HZ-EXTRA :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =  - � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���





we can re-write this as :





	� EMBED Equation.2  ���� EMBED Equation.2  ���





	-   � EMBED Equation.2  ���� EMBED Equation.2  ���





=	- � EMBED Equation.2  ���* HZ-EXTRA *  � EMBED Equation.2  ���� EMBED Equation.2  ���





We now only need to expand the 3rd term, in the eqp, esp directions of this Impulse Function differeintial equation as the first two-terms will be the same as before.





Therefore, substituting yields :





	- � EMBED Equation.2  ���* HZ-EXTRA *[� EMBED Equation.2  ���* wxp(t) * exp   +    � EMBED Equation.2  ��� * wyp(t) * eyp]





=	- � EMBED Equation.2  ���* HZ-EXTRA *� EMBED Equation.2  ���* [(1 - l) * wxp(t) * exp   +   (1 + l) * wyp(t) * eyp]





=	- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���� EMBED Equation.2  ���(1 - l) * wq(t) * cos qq * exp


					+   (1 + l) * wq(t) * sin qq * eyp� EMBED Equation.2  ���





=	- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���� EMBED Equation.2  ���(1 - l) * wq(t) * cos qq * [cos qq * eqp  - sin qq * esp]


				+   (1 + l) * wq(t) * sin qq * [sin qq * eqp  +  cos qq * esp] � EMBED Equation.2  ���





=	- � EMBED Equation.2  ���* HZ-EXTRA  * � EMBED Equation.2  ���* wq(t) *


		� EMBED Equation.2  ���(1 - l) * cos2 qq * eqp  -   (1 - l) * cos qq * sin qq * esp


		+   (1 + l) * sin2 qq * eqp  +  (1 + l) * sin qq * cos qq * esp � EMBED Equation.2  ���





=	- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ��� * wq(t) *


		� EMBED Equation.2  ���[(1 - l) * cos2 qq  +   (1 + l) * sin2 qq] * eqp





		 +   [-(1 - l) * cos qq * sin qq   +  (1 + l) * sin qq * cos qq] * esp � EMBED Equation.2  ���





�
=	- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���* wq(t) *


		� EMBED Equation.2  ���[1 - l * cos 2*qq] * eqp  +  [l * sin 2*qq] * esp � EMBED Equation.2  ���





Therefore, we can write, for this 3rd Impulse Function :





in the eqp direction :





	� EMBED Equation.2  ��� wq(t)   -   0   =   - � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���* wq(t) * [1 - l * cos 2*qq] 





in the esp direction :





	wq(t) * � EMBED Equation.2  ��� qq   -   wq(t) *  wzp(t) * cos 2*qq 


 =	- � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���* wq(t) * [l * sin 2*qq]





� EMBED Equation.2  ���	� EMBED Equation.2  ���qq   -   wzp(t) * cos 2*qq   =   - � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���* [l * sin 2*qq]





in the ezp direction :





	� EMBED Equation.2  ���wzp(t)   -  � EMBED Equation.2  ��� * l * (wq(t))2 * sin 2*qq   =   0





Essentially, wq(t)  causes a rotation of the  HZ-EXTRA  component of HT,  resulting in a component in the  -esp  direction, addition to the component normally caused by rotating the components,  HXP , HYP , and  wzp(t) * IZ * ezp (of HZP). This additional component has to compensated additionally for by a rotation  HU , and therefore : .





	� EMBED Equation.2  ���qq * esp   =   - � EMBED Equation.2  ���* HZ-EXTRA * � EMBED Equation.2  ���* [l * sin 2*qq] * esp





in order to keep the balance in  HT.





But the Base Equation was originally solved based on :





	HXP   +   HYP   +   wzp(t) * IZ * ezp   =    HT    =   constant





�
and now the Impulse Function differential equation has become :





	HXP   +   HYP   +   wzp(t) * IZ * ezp   +   HZ-EXTRA   =    HT    =   constant





� EMBED Equation.2  ���	HXP   +   HYP   +   wzp(t) * IZ * ezp   =    HT   -   HZ-EXTRA





Since  HZ-EXTRA is rotating as per the rotating of the Reference Frame � EMBED Equation.2  ���,  wq(t) in the solution must also be adjusted accordingly.








 Let us now look at the 4th Impulse function, Impulse due to change in HZ-EXTRA :





	� EMBED Equation.2  ���   -   � EMBED Equation.2  ���   =  -� EMBED Equation.2  ���





Essentially, this simply says that in order to keep HZP  in balance, whatever we add to


HZ-EXTRA, we need to subtract from  wzp(t) * IZ * ezp , and visa-versa.





Please note that ‘in Balance’ means that :





	HT2   =   HU2   + HZP2





and  HZP  may still change according to the applicable conditions.








The 4 components of our quasi-Impulse function are actually correlated under the Force Function. And we will have a full discussion of this in a later Chapter.
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