THE MRR VECTOR :





We  have, from the previous Chapter :





	MXXP   =





+   {XFAP2 + XFBP2} * {KQQ1 * eMXXFA-P + KQQ2 * eMXXFB-P + KQQ3 * eMXXFC-P }





+   {XFAP2 - XFBP2} * {KQQ4 * eMXXFA-P + KQQ5 * eMXXFB-P + KQQ6 * eMXXFC-P }





+   {2*XFAP*XFBP} * {KQQ7 * eMXXFA-P + KQQ8 * eMXXFB-P + KQQ9 * eMXXFC-P }





and





	MYYP   =





+   {YFAP2 + YFBP2} * {KQQ1 * eMYYFA-P + KQQ2 * eMYYFB-P + KQQ3 * eMYYFC-P }





+   {YFAP2 - YFBP2} * {KQQ4 * eMYYFA-P + KQQ5 * eMYYFB-P + KQQ6 * eMYYFC-P }





+   {2*YFAP*YFBP} * {KQQ7 * eMYYFA-P + KQQ8 * eMYYFB-P + KQQ9 * eMYYFC-P }





and





	MXYP   =





+   {XFAP*YFAP + XFBP*YFBP} * 


				{KQQ1 * eMXYFA-P + KQQ2 * eMXYFB-P + KQQ3 * eMXYFC-P }





+   {XFAP*YFAP - XFBP*YFBP} * 


				{KQQ4 * eMXYFA-P + KQQ5 * eMXYFB-P + KQQ6 * eMXYFC-P }





+   {XFAP*YFBP + XFB*YFAP} * 


				{KQQ7 * eMXYFA-P + KQQ8 * eMXYFB-P + KQQ9 * eMXYFC-P }





where :


	KQQ1   =   { +� EMBED Equation.2  ���* sin yM * tan yM * sin 3qM  }


	KQQ2   =   { +� EMBED Equation.2  ��� * sin yM * tan yM * cos 3qM   -  � EMBED Equation.2  ��� * sin yM * tan2 yM }


	KQQ3   =   { +� EMBED Equation.2  ��� *cos yM   +   � EMBED Equation.2  ��� * sin yM * tan yM }


	KQQ4   =   { +� EMBED Equation.2  ���* cos yM * sin 3qM    -   � EMBED Equation.2  ���* sin yM * tan yM * sin 3qM }


	KQQ5   =   { +� EMBED Equation.2  ���* cos yM * cos 3qM   -    � EMBED Equation.2  ��� * sin yM


		            - � EMBED Equation.2  ��� * sin yM * tan yM * cos 3qM   +  � EMBED Equation.2  ��� * sin yM * tan2 yM}


	KQQ6   =   { -� EMBED Equation.2  ���* sin yM * cos 3qM   +   � EMBED Equation.2  ��� * sin yM * tan yM  }





	KQQ7   =   { +� EMBED Equation.2  ���* cos yM * cos 3qM   -   � EMBED Equation.2  ���* sin yM * tan yM * cos 3qM


				+ � EMBED Equation.2  ���* sin yM }





	KQQ8   =   { - � EMBED Equation.2  ���* cos yM * sin 3qM   +  � EMBED Equation.2  ���* sin yM * tan yM *sin 3qM}





	KQQ9   =   { +� EMBED Equation.2  ���* sin yM * sin 3qM}





We have also previously defined the scalar quantities QXP, QYP, qXP, qYP  such that :





	XFAP   =   QXP * cos qXP





	XFBP   =   QXP * sin qXP





	YFAP   =   QYP * cos qYP





	YFBP   =   QYP * sin qYP





we note here that :





	(QXP)2   =   (XFAP)2   +   (XFBP)2		and





	(QYP)2   =   (YFAP)2   +   (YFBP)2





Therefore, we can now express the following quantities in terms of  QXP , QYP , qXP , and  qYP :





(XFAP)2  +  (XFBP)2	=	(QXP * cos qXP)2  +  (QXP * sin qXP)2





			=	(QXP)2








�
 (XFAP)2  -  (XFBP)2	=	(QXP * cos qXP)2  -  (QXP * sin qXP)2





			=	(QXP)2 * cos 2*qXP








2 * XFAP * XFBP	=	2 * (QXP * cos qXP) * (QXP * sin qXP)





			=	(QXP)2 * sin 2*qXP








(YFAP)2  +  (YFBP)2	=	(QYP * cos qYP)2  +  (QYP * sin qYP)2





			=	(QYP)2








(YFAP)2  -  (YFBP)2	=	(QYP * cos qYP)2  -  (QYP * sin qYP)2





			=	(QYP)2 * cos 2*qYP








2 * YFAP * YFBP	=	2 * (QYP * cos qYP) * (QYP * sin qYP)








			=	(QYP)2 * sin 2*qYP





Therefore, substituting in the orginal equations then yields :





	MXXP   =





+   (QXP)2 *		    {KQQ1 * eMXXFA-P + KQQ2 * eMXXFB-P + KQQ3 * eMXXFC-P }





+   (QXP)2 * cos 2*qXP * {KQQ4 * eMXXFA-P + KQQ5 * eMXXFB-P + KQQ6 * eMXXFC-P }





+   (QXP)2 * sin 2*qXP * {KQQ7 * eMXXFA-P + KQQ8 * eMXXFB-P + KQQ9 * eMXXFC-P }





and





	MYYP   =





+   (QYP)2 *		    {KQQ1 * eMYYFA-P + KQQ2 * eMYYFB-P + KQQ3 * eMYYFC-P }





+   (QYP)2 * cos 2*qYP	* {KQQ4 * eMYYFA-P + KQQ5 * eMYYFB-P + KQQ6 * eMYYFC-P }





+   (QYP)2 * sin 2*qYP	* {KQQ7 * eMYYFA-P + KQQ8 * eMYYFB-P + KQQ9 * eMYYFC-P }





and   (as per previous Chapter)





	MXYP   =





+   QXP * QYP * { cos (qXP - qYP) } *


				{KQQ1 * eMXYFA-P + KQQ2 * eMXYFB-P + KQQ3 * eMXYFC-P }





+   QXP * QYP * { cos (qXP + qYP) } * 


				{KQQ4 * eMXYFA-P + KQQ5 * eMXYFB-P + KQQ6 * eMXYFC-P }





+   QXP * QYP * { sin (qXP + qYP) }* 


				{KQQ7 * eMXYFA-P + KQQ8 * eMXYFB-P + KQQ9 * eMXYFC-P }








Let us now set up an additional 2 sets of constants as we have done in the previous Chapter with  KQQC6S9   and  qC6S9 , so that we have the 3 sets of constants as follows :





Set 1 :





	(KQQC4S7)2   =	(KQQ4)2   +   (KQQ7)2		(KQQC4S7 being positive)





so that :





	KQQ4   =   KQQC4S7 * cos (2*qC4S7)





	KQQ7   =   KQQC4S7 * sin (2*qC4S7)








where :





	2*qC4S7   =   arctan (KQQ7/KQQ4)			(2*qC4S7 according to the signs


								  of  KQQ4 and  KQQ7)


or	qC4S7   =   � EMBED Equation.2  ���arctan (KQQ7/KQQ4)





Set 2 :





	(KQQC5S8)2   =	(KQQ5)2   +   (KQQ8)2		(KQQC5S8 being positive)











so that :





	KQQ5   =   KQQC5S8 * cos (2*qC5S8)





	KQQ8   =   KQQC5S8 * sin (2*qC5S8)





where :





	2*qC5S8   =   arctan (KQQ8/KQQ5)			(2*qC5S8 according to the signs


								  of  KQQ5 and  KQQ8)





or	qC5S8   =   � EMBED Equation.2  ���arctan (KQQ8/KQQ5)





and Set 3 : (as we have previosuly set up in the last Chapter)





	(KQQC6S9)2   =	(KQQ6)2   +   (KQQ9)2		(KQQC6S9 being positive)





so that :





	KQQ6   =   KQQC6S9 * cos (2*qC6S9)





	KQQ9   =   KQQC6S9 * sin (2*qC6S9)








where :





	2*qC6S9   =   arctan (KQQ9/KQQ6)			(2*qC5S8 according to the signs


								  of  KQQ5 and  KQQ8) 


or	qC6S9   =   � EMBED Equation.2  ���arctan (KQQ9/KQQ6)





We can now rewrite the  MXXp ,  MYYp , and  MXYp  equations in the following format :








	MXXP   =





+   (QXP)2 *		    {KQQ1 * eMXXFA-P + KQQ2 * eMXXFB-P + KQQ3 * eMXXFC-P }





+   (QXP)2 * cos 2*qXP * {	    KQC4S7 * cos (2*qC4S7) * eMXXFA-P 


			 	+  KQC5S8 * cos (2*qC5S8) * eMXXFB-P


				+  KQC6S9 * cos (2*qC6S9) * eMXXFC-P }





+   (QXP)2 * sin 2*qXP * {	     KQC4S7 * sin (2*qC4S7) * eMXXFA-P 


				 +  KQC5S8 * sin (2*qC5S8) * eMXXFB-P


				 +  KQC6S9 * sin (2*qC6S9) * eMXXFC-P }





=	+   (QXP)2 * eMXXFA-P * { KQQ1  +  KQC4S7 * cos (2*qXP) * cos (2*qC4S7)


					      +  KQC4S7 * sin (2*qXP) * sin (2*qC4S7) }





	+   (QXP)2 * eMXXFB-P * { KQQ2  +  KQC5S8 * cos (2*qXP) * cos (2*qC5S8)


					      +  KQC5S8 * sin (2*qXP) * sin (2*qC5S8) }





	+   (QXP)2 * eMXXFC-P * { KQQ3  +  KQC6S9 * cos (2*qXP) * cos (2*qC6S9)


					      +  KQC6S9 * sin (2*qXP) * sin (2*qC6S9) }





=	+   (QXP)2 * eMXXFA-P * { KQQ1  +  KQC4S7 * cos (2*qXP - 2*qC4S7) }





	+   (QXP)2 * eMXXFB-P * { KQQ2  +  KQC5S8 * cos (2*qXP - 2*qC5S8) }





	+   (QXP)2 * eMXXFC-P * { KQQ3  +  KQC6S9 * cos (2*qXP - 2*qC6S9) }





and, similarily,





	MYYP   =





+   (QYP)2 * eMXXFA-P * { KQQ1  +  KQC4S7 * cos (2*qYP - 2*qC4S7) }





+   (QYP)2 * eMXXFB-P * { KQQ2  +  KQC5S8 * cos (2*qYP - 2*qC5S8) }





+   (QYP)2 * eMXXFC-P * { KQQ3  +  KQC6S9 * cos (2*qYP - 2*qC6S9) }





and   similarily :





	MXYP   =





+   QXP * QYP * eMXYFA-P * {KQQ1 * cos (qXP - qYP)  +  KQC4S7 * cos (qXP + qYP - 2*qC4S7) }


+   QXP * QYP * eMXYFB-P * {KQQ2 * cos (qXP - qYP)  +  KQC5S8 * cos (qXP + qYP - 2*qC5S8) }


+   QXP * QYP * eMXYFC-P * {KQQ3 * cos (qXP - qYP)  +  KQC6S9 * cos (qXP + qYP - 2*qC6S9) }











Now let us evaluate again the KQQi’s to put them in a more readily readable format :





KQQ1   =	{ +� EMBED Equation.2  ���* sin yM * tan yM * sin 3qM  }


KQQ2   =	{ +� EMBED Equation.2  ��� * sin yM * tan yM * cos 3qM   -  � EMBED Equation.2  ��� * sin yM * tan2 yM }





	  =	+� EMBED Equation.2  ��� * sin yM * tan yM� EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ3   =	{ +� EMBED Equation.2  ��� * cos yM   +   � EMBED Equation.2  ��� * sin yM * tan yM }


	  =	+� EMBED Equation.2  ��� * cos yM * � EMBED Equation.2  ���1  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





KQQ4   =	{ +� EMBED Equation.2  ���* cos yM * sin 3qM    -   � EMBED Equation.2  ���* sin yM * tan yM * sin 3qM }			  =	+� EMBED Equation.2  ���* cos yM * sin 3qM * { 1   -  tan2 yM }





KQQ5   =	{ +� EMBED Equation.2  ���* cos yM * cos 3qM   -    � EMBED Equation.2  ��� * sin yM


			- � EMBED Equation.2  ��� * sin yM * tan yM * cos 3qM   +  � EMBED Equation.2  ��� * sin yM * tan2 yM}


	   =	� EMBED Equation.2  ���* cos yM * cos 3qM * { 1   -  tan2 yM }


			- � EMBED Equation.2  ���* sin yM * { 1   -  tan2 yM }


	   =	� EMBED Equation.2  ���* cos yM * cos 3qM * { 1   -  tan2 yM }


			- � EMBED Equation.2  ���*� EMBED Equation.2  ���* cos yM * tan yM * { 1   -  tan2 yM }





	   =	{ 1   -  tan2 yM } * � EMBED Equation.2  ���* cos yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





KQQ6   =	{ -� EMBED Equation.2  ���* sin yM * cos 3qM   +   � EMBED Equation.2  ��� * sin yM * tan yM  }


	  =	- � EMBED Equation.2  ���* sin yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





�
KQQ7   =	{ +� EMBED Equation.2  ���* cos yM * cos 3qM   -   � EMBED Equation.2  ���* sin yM * tan yM * cos 3qM�		 	+ � EMBED Equation.2  ���* sin yM }


	  =	+� EMBED Equation.2  ���* cos yM * cos 3qM * { 1   -  tan2 yM }  + � EMBED Equation.2  ���*� EMBED Equation.2  ���* cos yM * tan yM





	  =	+� EMBED Equation.2  ���* cos yM *� EMBED Equation.2  ���cos 3qM * { 1   -  tan2 yM }  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





KQQ8   =	{ - � EMBED Equation.2  ���* cos yM * sin 3qM   +  � EMBED Equation.2  ���* sin yM * tan yM *sin 3qM}


	  =	- � EMBED Equation.2  ���* cos yM * sin 3qM* { 1   -  tan2 yM }


	


KQQ9   =	{ +� EMBED Equation.2  ���* sin yM * sin 3qM}





Therefore, regrouping yields :





KQQ1   =	{ +� EMBED Equation.2  ���* sin yM * tan yM * sin 3qM  }


KQQ2   =	+� EMBED Equation.2  ��� * sin yM * tan yM� EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ3   =	+� EMBED Equation.2  ��� * cos yM * � EMBED Equation.2  ���1  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ4   =	+� EMBED Equation.2  ���* cos yM * sin 3qM * { 1   -  tan2 yM }


KQQ5   =	{ 1   -  tan2 yM } * � EMBED Equation.2  ���* cos yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ6   =	- � EMBED Equation.2  ���* sin yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ7   =	+� EMBED Equation.2  ���* cos yM *� EMBED Equation.2  ���cos 3qM * { 1   -  tan2 yM }  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


KQQ8   =	- � EMBED Equation.2  ���* cos yM * sin 3qM* { 1   -  tan2 yM }


KQQ9   =	{ +� EMBED Equation.2  ���* sin yM * sin 3qM}





Let us now compare the three constant angles  2*qC4S7 ,  2*qC5S8 ,  and  2*qC6S9 :





2*qC4S7   =   arctan (KQQ7/KQQ4)   =





		+� EMBED Equation.2  ���* cos yM *� EMBED Equation.2  ���cos 3qM * { 1   -  tan2 yM }  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


=	arctan	-------------------------------------------------------------------------------


		            +� EMBED Equation.2  ���* cos yM * sin 3qM * { 1   -  tan2 yM }





		� EMBED Equation.2  ���cos 3qM * { 1   -  tan2 yM }  +  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


=	arctan	-------------------------------------------------------------------------------


			+ sin 3qM * { 1   -  tan2 yM }





		+ cos 3qM   +   � EMBED Equation.2  ���*� EMBED Equation.2  ���     


=	arctan	-----------------------------------------


			+ sin 3qM





2*qC5S8   =   arctan(KQQ8/KQQ5)





			- � EMBED Equation.2  ���* cos yM * sin 3qM* { 1   -  tan2 yM }


=	arctan	-------------------------------------------------------------------------------


		{ 1   -  tan2 yM } * � EMBED Equation.2  ���* cos yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





			- sin 3qM


=	arctan	--------------------------------------


		� EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���








2*qC6S9   =   arctan (KQQ9/KQQ6)





		{ +� EMBED Equation.2  ���* sin yM * sin 3qM}


=	arctan	--------------------------------------


		- � EMBED Equation.2  ���* sin yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





			{ + sin 3qM}


=	arctan	--------------------------------------


		- � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���








We see here that :





	tan 2*qC5S8   =   tan 2*qC6S9 , but :





But :


	KQQ8   =	-� EMBED Equation.2  ���* cos yM * sin 3qM* { 1   -  tan2 yM }


	KQQ5    =	{ 1   -  tan2 yM } * � EMBED Equation.2  ���* cos yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���


	


	KQQ9   =	{ +� EMBED Equation.2  ���* sin yM * sin 3qM}


	KQQ6   =	- � EMBED Equation.2  ���* sin yM * � EMBED Equation.2  ���cos 3qM   -  � EMBED Equation.2  ���* tan yM � EMBED Equation.2  ���





Thus, if  (1 - tan2 yM) is positive, then KQQ8 & KQQ 9 will have opposite signs and KQQ5 & KQQ6 will also have opposite signs, such that :





	2 * qC5S8   =  2*qC6S9  � EMBED Equation.2  ���  P





Otherwise, 





	2 * qC5S8   =  2*qC6S9








Let us now move on to the  MRR  vector :





	 MRR   =	� EMBED Equation.2  ���� EMBED Equation.2  ���





		  =	� EMBED Equation.2  ���� EMBED Equation.2  ���





where : 





	� EMBED Equation.2  ���	





=	+   � EMBED Equation.2  ���	





	+   � EMBED Equation.2  ���	





And :





	� EMBED Equation.2  ���





=	+   � EMBED Equation.2  ���





	+   � EMBED Equation.2  ���





Therefore, we can calculate the values of  MRRFA ,  MRRFB , and  MRRFC  for different values of   QXP ,  qXP ,  QYP , & qYP, using the equations we have developed above.








Let us now use an illustrative example using :





	qM   =  P/12 or 15 degrees,	and	yM   =   P/12	or 15 degrees





Therefore :





	m1   =		0.502983	mass units





	m2   =		0.408248	mass units





	m3   =		0.761802	mass units





Thus, holding   � EMBED Equation.2  ���mi*(ri)2   =  1.00   (= constant), and setting the value of  l  = 0.0, 0.2, 0.4, 0.6, 0.8, and 1.0 respectively, we have the following Chart for the eMRRFA/eMRRFB plane.





��������� EMBED Excel.Chart.5 \s ���


(If you are viewing this from a word-processor program, please go to ‘PAGE LAYOUT’ under the View function to see the full impact of this Chart)








We note here that :





a)	setting  l  =  0   yields a single point on the eMRRFB  Axis.





	This point has a  MRR component in the  eMRRFA/eMRRFB  plane, in the eMRRFB


	direction..





b)	for  l  =  0,  0.2, 0.4, 0.6, 0.8, 1.0 respectively, these are ‘concentric’ type


	ellipses.





	The equation for these can be derived from what we have discussed in this Chapter.





c)	The point for  m1*(r1)2  =  m2*(r2)2  =  m3*(r3)2 ,  is at the the co-oridnates (0, 0) on


	the  eMRRFA/eMRRFB  plane.





	It has an estimated  l  value of around  0.22.





�
d)	The ellipses for  l  =  0.2  and  l =  -0.2  are the same ellipse.





	This is because we can always rotate the X-Y Axis’s by 90 degrees thereby swapping the Axis’s. This does not cause a change in  r1,  r2, and  r3, but will swap the value :





	IX � EMBED Equation.2  ��� IY	and	 IX � EMBED Equation.2  ��� IY





	thereby change the sign of  l, but with  m1*(r1)2 ,  m2*(r2)2 , and  m3*(r3)2 , remaining unchanged. 





	Same for other pairs of  positve l  and negative l.








This then clearly illustrate the significance of the component of  MRR in the eHFA/eHFB plane .
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