Appendix C :   The Cosine function as defined by
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                          the Triangle

‘Consine’  function using the { area of a triangle } :

As the  ‘Cosine’  function is fundamental to the  ‘Hyperbola’  in cylindrical co-ordinates, we shall now look try to express the  ‘Cosine’  of  an angle as a { fraction } of the  { area of a triangle } .

Area of the Triangle :

Let us look at a triangle in general, where all the ‘internal’ angles of the triangle are less than 
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We then define :

a)
‘L1’  as the length of the side  ‘B-C’ ,

b)
‘L2’  as the length of the side  ‘C-A’ ,

c)
‘L3’  as the length of the side  ‘A-B’ ,

d)
the angle ‘B-A-C’  as the angle  ‘ALPHA’, or   ‘’ .

as shown in the above diagram.

Let us now introduce the lengths  ‘H’ , ‘X’  &  ‘Y’  as shown in the diagram below :
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We note here at the out-set that :

sin      =   
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cos      =   
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We can then write the following three (3) equations, based on the above diagram, the 2nd  &  3rd  of which are based on the properties of  ‘Right-Angle Triangles’  :


X   +  Y   =   L2





( Equation COS-001 )


X2  +  H2   =   ( L3 )2





( Equation COS-002 )


Y2  +  H2   =   ( L1 )2





( Equation COS-003 )

Let us now try to express  { H }  &  { X }  in terms of  ‘L1’ ,  ‘L2’  &  ‘L3’ .

We then have, from the last two (2) of the three (3) equations :
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yielding the relation, via substitution into the 1st equation :
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Squaring both sides then yields :
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Re-arranging terms then yields :
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Squaring both sides then yields :
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We then have :
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   =
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Canceling terms on both sides then yields :


[image: image16.wmf](

)

(

)

2

1

2

3

L

*

L

*

4


  =

[image: image17.wmf](

)

(

)

(

)

4

1

4

3

4

2

L

L

L

+

+




[image: image18.wmf](

)

(

)

(

)

(

)

(

)

(

)

2

3

2

2

2

2

2

1

2

1

2

3

L

*

L

*

2

L

*

L

*

2

L

*

L

*

2

-

-

+



[image: image19.wmf](

)

2

2

2

H

*

L

*

4

+


Re-arranging terms then yields :
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( Equation COS-004 )

The Area of the Triangle - { AOT } :

We note that the  ‘area of the triangle’ , denoted by  { AOT } , is then simple given by the formula :


{ AOT }   =  
[image: image23.wmf]2

1

 * L2 * H




( Equation COS-005 )

as per our original diagram :
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Thus, the ‘left-hand-side’ of  ‘Equation COS-004’, can be re-expressed as 

follows :
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The original equation above, i.e.  ‘Equation COS-004’ , can then be re-expressed as :


16 * { AOT }2
   =
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( Equation COS-006 )

Let us now re-write the above equation as follows :


{ 4 * AOT }2
   =
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thus yielding :


{ 4 * AOT }2
   =
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( Equation COS-007 )

Expressing  { sin    }  &  { cos    } :

We note from above that :

sin      =   
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cos      =   
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Let us now express  { sin   }   &  { cos   }  in terms of the lengths of the side.

We note that, from above, we have :


{ AOT }   =  
[image: image38.wmf]2
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 * L2 * H




( Equation COS-005 )

yielding :



H   =   
[image: image39.wmf]2
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( Equation COS-008 )

We then simply have :


sin      =   
[image: image40.wmf]3
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or alternately :


sin      =   
[image: image42.wmf]3
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( Equation COS-009 )

Thus,



( sin    )2   =   
[image: image43.wmf](
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Let us now recall the  ‘Trigonometric Identity’  of :


( sin   )2  +  ( cos   )2   =   1

yielding :

( cos   )2   =   1    
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and consequently :

( cos   )2   =   
[image: image45.wmf](
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( Equation COS-010 )
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