Chapter 4-24 :   { Paired Factors }  - Integer Grid Points for
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                            the Hyperbola

{ Paired Factors }  for the Hyperbola :

As we are always using two (2)  identical hyperbolas with the exact-same number of   [ Integer Grid-Points ]  for our expansion of  the  [ ‘Q-Type’ Equation ]  in the  Fermat ‘Sum-Of-Two-Squares’ Equation, it is now appropriate to briefly discuss how we may categorize the  { Paired Factors }  for these two (2) identical hyperbolas.

Setting up the [ Global Set of   ‘Odd’  ‘Prime’  Numbers ]  : 

Let us now, for our analysis purposes, set up the  [ Global Set of  ‘odd’  ‘prime’ numbers other than the number ‘1’ ] , via the listing method, starting with the number  ‘3’  as the 1st element in this set, as follows :

[ P1 ]  =   3


[ P2 ]   =   5


[ P3 ]   =   7


[ P4 ]  =   11


[ P5 ]   =  13


[ P6 ]  =   17


And so-on-and-so-forth.

In general, this series contains all the  {‘odd’ ‘prime’ numbers except  ‘1’ }  and  this series is in ascending order, i.e. :


PJ   >   PI  

for   [ J ]  >  [ I ]

Splitting  { ‘odd’ ‘prime’ numbers }  into two (2) Groups for the value ‘IX-ODD’ :

Let us suppose that we have a  { positive ‘odd’ integer }  ‘IX-ODD’ , greater than or equal to  ‘3’ ,  and we were able to determine that, for this particular value of  ‘IX-ODD’ , the largest  [ ‘odd’ ‘prime’ factor ]  divisible into  ‘IX-ODD’  is  [ PIMAX ]  .

This value  [ IMAX ]  then identifies the position of  [ PIMAX ]  in the  [ Global Set of  ‘odd’  ‘prime’ numbers ]  as listed above.

We can then express  ‘IX-ODD’ as the product of  [ ‘odd’ ‘prime’ numbers ] in a format as follows :


IX-ODD   =   
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where :

[ Qi ]  is either  ‘0’ ,  ‘1’ ,  ‘2’ ,  or

 a   { positive integer }  greater than  ‘2’ .

It should be obvious here that if  { ‘Qi’  =  0 } , then the corresponding { ‘prime’ number }  [ Pi ]  is not a factor of the  { positive ‘odd’  integer }  ‘IX-ODD’ .  

Let us now  divide / regroup the  { Pi’s } into two (2) groups :

‘Group Z-P’ :
Those  { ‘odd’ ‘prime’ numbers }  with the  ‘power-exponent’  equal to  ‘0’ ;  i.e.  { ‘Qi’  =  ‘0’ } .

‘Group N-Z-P’ :
Those  { ‘odd’ ‘prime’ numbers }  with the  ‘power-exponent’  greater than or equal to ‘1’ ;  i.e.  { ‘Qi’  
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 ‘1’ } .

( ‘Z-P’  then stands for   ‘Zero-Power’  while  ‘N-Z-P’ stands for ‘Non-Zero-Power’ )

Thus, members of  ‘Group N-Z-P’  are  ‘prime’ factors of  ‘IX-ODD’  while members of  ‘Group Z-P’  are not.

We now introduce the values/variables  ‘NZP’  &  ‘NNZP’  with :

i)
‘NZP’  being the number of members in  ‘Group Z-P’ ;   and

ii)
‘NNZP’ being the number of members in  ‘Group  N-Z-P’ .

Immediately , we have :


[ NZP ]  +  [ NNZP ]   =  [ IMAX ]

An Example here :

Let us look quickly at an example here where :


IX-ODD   =   39  * 50  *  74  *  110 * 131
Or,


IX-ODD   =   [ 1 9683 ] * [ 1 ] * [ 2401 ] * [ 1 ] * [ 13 ]   =   [ 6 1436 5479 ]

We then have :


IMAX   =   ‘5’

And


[ 6 1436 5479 ]   =   39  *  74  *  131
Let us now  identify which  { ‘odd’  ‘prime’  numbers }  belong to which groups.

We would then have  :

i)
the  { ‘odd’  ‘prime’ numbers }  ‘5’  &  ‘11’  in  ‘Group Z-P’ ,

ii)
the  { ‘odd’  ‘prime’  numbers }  ‘3’ ,  ‘7’  &  ‘13’  in  ‘Group N-Z-P’ ;

Three Questions :

We shall now attempt to answer the following three (3) questions in succession :

Q1.
How many distinct pairs of  { Paired Factors } are there for  ‘IX-ODD’  ?

Q2.
How many pairs of relatively ‘prime’ { Paired Factors }  are there for  ‘IX-ODD’  ?

Q3.
How may the other  { Paired Factors ) be classified  ?

Using the  [ tossing-balls-into-bins ]  approach :

Let us illustrate our approach to these three (3) questions by using [ tossing-balls-into-bins  ] approach on the example of :

IX-ODD   =   39  * 50  *  74  *  110 * 131
or,


IX-ODD   =   [ 1 9683 ] * [ 1 ] * [ 2401 ] * [ 1 ] * [ 13 ]   =   [ 6 1436 5479 ]

Let us now suppose we did go to a carnival and came across this game where the player is asked to toss balls into bins to win a prize.

Let us now set up the stall for our game here :

First, we set up a  ‘non-playing’  [ Left-Bin ]  and  a  ‘non-playing’  [ Right-Bin ]  for the  [ number ‘1’ ] , as shown in the diagram below :
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These two (2)  ‘non-playing’  [ Left-Bin ]  &  ‘non-playing’  [ Right-Bin ]  are then marked in  ‘light-red-color’  &  ‘blue-(pastel)-color’  respectively, as shown above.

We then place  a  [  ‘milky-white-color’  ball  marked with the number ‘1’ ]  into each of the  [ bins ] , i.e. the  [ Left-Bin ]  &  the  [ Right-Bin ] respectively, as shown above.

Secondly , we set up the  { ‘playing’  [ Left-Bins ] }  and  the  { ‘playing’ [ Right- Bins ] }  for the numbers  [ number ‘3’ ] ,  [ number ‘5’ ] ,  [ number ‘7’ ] ,  [ number ‘11’ ]  and  [ number ‘13’ ] , respectively, as shown in the diagram below :
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We have then marked :

i)
all the { ‘playing’ [ Left-Bins ] }  ‘light-red-color’ ,   and

ii)
all the  { ‘playing’  [ Right-Bins ] }  ‘blue-(pastel)-color’ ,

as shown above. 

We then place :

i)
Nine (9)  [ ‘yellow-color’ balls marked with the number ‘3’ ] in the throwing area for  the  [ number ‘3’]  bins .

ii)
Four (4)  [ ‘yellow-color’ balls marked with the number ‘7’ ] in the throwing area for  the  [ number ‘7’]  bins .

iii)
One (1)  [ yellow-color’ ball marked with the number ‘13’ ] in the throwing area for  the  [ number ‘13’]  bins ,

as shown in the diagram below.
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We now let the player toss the balls, fourteen (14) in all, into either the  [ Left-Bin ] or the  [ Right-Bin ] in front of him, as the player may choose.

After the player has tossed all the fourteen (14) balls into the bins, we may end up with a situation such as the diagram below : ( an example purely for discussion purposes only )
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Let us now collect the balls in all the  [ Left-Bins ]  and  multiply the  ‘numbers’  marked on each of these balls together to get the value/number  [ I-ODD ] .

Let us now also collect all the balls in all the  [ Right-Bins ] , and multiply the numbers  marked on each ball together to get the value / number  [ I-ODD ] .

We then have, for this example configuration above, the values of  ‘I-ODD’  &  ‘I-ODD’  as follows :

I-ODD   =   1  x  3  x  3  x  3  x  7  x  7  x  13   =   [ 1 7199 ]

I-ODD   =   1  x  3  x  3  x  3  x  3  x  3  x  3  x  7  x  7   =   [ 3 5721 ]

We note here, of course, that  { [ 1 7199 ]  , [ 3 5721] }  is a set of  { Paired Factors } of

[ 6 1436 5479 ] , i.e. :


[ 1 7199 ]  *  [ 3 5721 ]   =   [ 6 1436 5479 ]

We then let the player repeat, in a unlimited length of time, the set of fourteen (14) tosses , until all the possible distinct sets of  { Paired Factors }  are evaluated and counted.

This could be a long process.

But what can we learn from this process ?

First let us make the observation that :


If we toss nine (9)  { ‘yellow-color’ balls marked with the number ‘3’ } into either the [ Left-Bin ]  or  the  [Right-Bin ] , there are ten (10) possible distinct outcomes, and they are :


9  balls on-the-Left   and   no ball on-the-Right ,



8  balls on-the-Left   and   1 ball  on-the-Right ,



7  balls on-the-Left   and   2 balls on-the-Right ,



6  balls on-the-Left   and   3 balls on-the-Right ,



5  balls on-the-Left   and   4 balls on-the-Right ,



4  balls on-the-Left   and   5 balls on-the-Right ,



3  balls on-the-Left   and   6 balls on-the-Right ,



2  balls on-the-Left   and   7 balls on-the-Right ,



1  ball   on-the-Left   and   8 balls on-the-Right ,



no  ball on-the-Left   and   9 balls on-the-Right .

Thus, in general :


If we were to toss  ‘N’  indistinguishable balls into  :

either  the  [Left-Bin ]  or  the  [ Right-Bin ],

as per the process described above,

the number of distinct combinations of the outcome is given by :

 [ N + 1 ]  , 
or :
 alternately  [ 1 + N ].

Thus, the  [ Total Number of Distinct  { Paired Factors } ]  for  [ 6 1436 5479 ]  is given by :


NTOTAL-PAIRS 

   =
   { outcomes for the nine (9) ‘yellow-color’ balls marked with the number  ‘3’ }

* { outcomes for the four (4) ‘yellow-color’ balls marked with the number  ‘7’ }


* { outcomes for the one (1) ‘yellow-color’ ball marked with the number  ‘13’ }

   =
{ 9 + 1 }  *  { 4 + 1 }  *  { 1 + 1 }

   =
[ 10 ]  *  [ 5 ]  *  [ 2 ]

   =
[ 100 ]

We then arrive at this formula for the  [ Total Number of Distinct  { Paired Factors } ]  for  ‘IX-ODD’ :


NTOTAL-PAIRS   =   
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( Equation DUA-88 )

We must now take note here now that :


In the case of   ‘Qi’  being equal to  ‘0’ , so that :



i)
{ ( Pi )Qi }  has the value  ‘1’ ,

ii)
‘Pi’  is not divisible into  ‘IX-ODD’  and  ‘Pi’  is not a ‘prime’ factor  of  ‘IX-ODD’ ,

the term  { Qi  +  1 }  takes on the value  ‘1’ , and therefore does not change / affect the value of   [ NTOTAL-PAIRS ] . 

We also take note here of an alternate format of the same formula above , namely :


NTOTAL-PAIRS   =   
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( Equation DUA-89 )


( we shall further discuss this 2nd format of the equation in  ‘Section 10 -  The Logarithmic Process’ ).

This then conclude our analysis on the 1st Question :

Q1.
How many distinct pairs of  { Paired Factors } are there for  ‘IX-ODD’  ?

Let us now look at the  { Paired Factors }  that are themselves  [ relatively ‘prime’ ] , i.e. :


IX-ODD   =   [ I-ODD ]  *  [ I-ODD ]


with :

G.C.D. ( I-ODD , I-ODD )   =  1

Let us, for the moment, focus our attention on the nine (9)  { ‘yellow-color’ balls marked with the number  ‘3’ }  in the example for  the  ‘ tossing-in-the-bin’  approach above.

Let us re-look at this sample result at the end of a  ‘tossing-session’ , already presented above :
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And because we have, here :

i)
at least  one (1)  { ‘yellow-color’  ball marked with the number  ‘3’ }  in the  [ Left-Bin ] ,   and

ii)
at least  one (1)  { ‘yellow-color’  ball marked with the number  ‘3’ }  in the  [ Right-Bin ] ,

the  { Paired Factors }  formulated here, i.e.  the pair  {  I-ODD , I-ODD } , must be both divisible by  ‘3’ , i.e. :

I-ODD   =   [ 1 7199 ]   is divisible by  ‘3’,   and

I-ODD   =   [ 3 5721 ]   is divisible by  ‘3’ .

Clearly, in order that the  { Paired Factors } be themselves  [ relatively ‘prime’ ] , we must have the conditions :

i)
either  :
all nine (9) { ‘yellow-color’  ball marked with the number  ‘3’ }

are in the  [ Left-Bin ]  ,

or  :

all nine (9) { ‘yellow-color’  ball marked with the number  ‘3’ }

are in the  [ Right-Bin ]  ,  

ii)
either  :
all four (4) { ‘yellow-color’  ball marked with the number  ‘7’ }

are in the  [ Left-Bin ]  ,

or  :

all four (4) { ‘yellow-color’  ball marked with the number  ‘7’ }

are in the  [ Right-Bin ]  ,

iii)
either  :
the one (1) { ‘yellow-color’  ball marked with the number  ‘13’ }

is in the  [ Left-Bin ]  ,

or  :

the one (1) { ‘yellow-color’  ball marked with the number  ‘13’ }

is in the  [ Right-Bin ]  .

The eight (8) possible outcomes here are then :

1.
{ 39 * 74 * 13 , 1 }
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{ [ 6 1436 5479 ] ,                   [ 1 ] }

2.
{ 39 * 74 , 13 }
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{    [ 4725 8883 ] ,                 [ 13 ] }

3.
{ 39 * 13 , 74 }
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{        [ 25 5879 ] ,             [ 2401 ] }

4.
{ 74 * 13 , 39 }
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{          [ 3 1213 ] ,          [ 1 9683 ] }

5.
{ 39 , 74 * 13 }
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{          [ 1 9683 ] ,          [ 3 1213 ] }

6.
{ 74 , 39 * 13 }
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{             [ 2401 ] ,        [ 25 5879 ] }

7.
{ 13 , 39 * 74 }
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{                 [ 13 ] ,    [ 4725 8883 ] }

8.
{ 1 , 39 * 74 * 13 }
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{                   [ 1 ] , [ 6 1436 5479 ] }

We now state our findings here :

IF :

We have a { positive ‘odd’ integer }  ‘IX-ODD’ , and we were able to find a total of  number of   ‘NNZP’  distinct-and-distinguishable { positive ‘odd’ ‘prime’ numbers other than ‘1’ }  that are divisible into  ‘IX-ODD’ ,

THEN :


the  number of   { Paired Factors }  that are themselves { relatively ‘prime’ }  is given by  the value   [ ‘2’  raised to the power ‘NNZP’ ] .

This then conclude our analysis for the 2nd Question :

Q2.
How many pairs of relatively ‘prime’ { Paired Factors }  are there for  ‘IX-ODD’  ?

Our analysis here shall now takes on two (2) divergent directions, for the 3rd Question, as explained below.

Taking on two (2) divergent ‘tracks-of-thought’ :

We note here that we are looking at  { Paired Factors }  for a given value of  ‘IX-ODD’  for two (2) reasons :

i)
First, we would like to cover the expansion via two (2) identical hyperbolas with the exact-same  { integer grid-points } on both hyperbolas, with the characteristic equation being :



IQ-ODD   =   I-ODD * I-ODD

so that we get different sets of values for  ‘D’  &  ‘F’  via the equation :

2POT-Q * IQ-ODD
   =
4POT-D * { ID-ODD }2    4POT-F * { IF-ODD }2  
 

( Equation DUA-004 )

by using different sets of   ‘I-ODD’  &  ‘I-ODD’ .

and we get different sets of values for  ‘G’  &  ‘E’  via the equation :

2POT-Q * IQ-ODD
   =
{ IG-ODD }2    { IE-ODD }2




( Equation DUA-005 )

by using different sets of   ‘I-ODD’  &  ‘I-ODD’ .

ii)
Secondly, we would also like to cover the expansion of  ‘Sum-Of-two-Squares’ equation at this point :


IF :

[ C1 ]  is a  { positive ‘P-ONE’  ‘odd’  integer }  of the format  ‘4*K + 1’ and is a  { ‘prime’ number },  and

[ C2 ]  is a  { positive ‘P-ONE’  ‘odd’  integer }  of the format  ‘4*K + 1’ and is a  { ‘prime’ number } ;


so that we can write :



[ C1 ]   =  D2  +  E2


[ C2 ]   =   X2  +  Y2

THEN :

the multiplicative product  :

[ C1 ] * [ C2 ]

   =
[ D2 * X2 ]  +  [ D2 * Y2 ]  +  [ E2 * X2 ]  + [ E2 * Y2 ]

can also be expressed as a ‘Sum-Of-Two-Squares’, as follows :

Set One :

Either :

[ C1 ] * [ C2 ]

  =
[ D*X  +  E*Y ] 2   +   [ D*Y    E*X ] 2

( equation  FER-001-A )






for  { D*Y  >  E*X }

or :

[ C1 ] * [ C2 ]

   =
[ E*Y  +  D*X ] 2   +   [ E*X    D*Y ] 2

( equation  FER-001-B )






for  { E*X  >  D*Y }

Set Two :

Either :

[ C1 ] * [ C2 ]

   =
[ D*Y  +  E*X ] 2  +  [ D*X    E*Y ] 2

( equation  FER-002-A )






for  { D*X  >  E*Y }

or :

[ C1 ] * [ C2 ]

   =
[ E*X  +  D*Y ] 2  +  [ E*Y    D*X ] 2

( equation  FER-002-B )






for  { E*Y  >  D*X }

Following on the 1st  ‘track-of-thought’ :

Let us look at this example we have in ‘Chapter  4-17’  for the value of  ‘Q’  being :

Q   =  24  *  105  =  1680

i.e.  
[ POT-Q ]  =  4
&
[ IQ-ODD ]   =  105

For the ‘Right-hand-side’ expansion, we have :


1680  =  432    132
so that :
[ G ]  =  43
&
[ E ]  =  13

arising from :

{ I-MONE , I-MONE }

LGPE
LGME
KG
KE

G
E
          {   15 ,     7 }

  14
    8
  11
    3

  43
  13

For the ‘Left-hand-side’ expansion, we have :


1680   =   522    322

so that :
[ D ]  =  52
&
[ F ]  = 32

arising from ‘Case Three’ being operative :







2POT-DMF
    { Paired Factors of  IQ-ODD }
ID-ODD
*IF-ODD

D
F
     {   21 ,     5 }   {     5 ,   21 }
  13
    8

  52
  32

The duality of the Fermat ‘Sum-Of-Two-Squares’ equation thus obtained is :


2873   =   522  +  132   =   322  +  432
The point here is simply this :

i)
we started out with  { 15 , 7 }  for the ‘right-hand-side’ expansion  to obtain :

{ G , E }  =  { 43 , 13 }
‘43’  &  ‘13’  are relatively ‘prime’ ;

ii)
we started out with   { 21 , 5 }  for the ‘left-hand-side’ expansion to obtain :



{ D , F }  =   { 52 , 32 }
‘13’ &  ‘8’  are relatively ‘prime’.

 But we ended-up with :


2873   =   522  +  132


with :   G.C.D. { 52 , 13 }  =  13

The author is puzzled as to why this might be so,  as at mid-November, 2003.

The reader’s initiative is called-upon at this point.

Following on the 2nd ‘Track-Of-Thought’ :

We note here that if we started out with :


C   =   D2  +  E2
and


Q2   =   2  +  2
then , for the product  [ C * Q2 ] , we can obtain two different sets of  ‘Sum-Of-Two-Squares’ equations via the ‘Expansion Formula’ above, i.e. : ‘equation FER-001-A’ , ‘equation FER-001-B’ , ‘equation FER-002-A’  or  ‘equation FER-002-B’ , whichever is applicable.

A third  ‘Sum-Of-Two-Squares’  equation may be obtained as follows :


[ C * Q2 ]   =   [ Q * D ]2  +  [ Q * E ]2
We then propose that our ‘Group N-Z-P’  above be divided into four (4) groups :

‘Group R’ :
Those  { ‘odd’ ‘prime’ numbers }  with the  ‘power-exponent’ equal to  ‘1’ ;  i.e.  { ‘Qi’  =  ‘1’ } .

‘Group S’ :
Those  { ‘odd’ ‘prime’ numbers }  with the  ‘power-exponent’ equal to  ‘2’ ;  i.e.  { ‘Qi’  =  ‘2’ } .

‘Group T’ :
Those  { ‘odd’ ‘prime’ numbers }  with the  ‘power-exponent’ equal to a   { positive ‘odd’ integer }  greater than or equal to  ‘3’ , i.e.  {  ‘Qi’  is  ‘odd’   &  ‘Qi’  
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  ‘3’ } .

‘Group U’ :
Those  { ‘odd’ ‘prime’ factors }  with the  ‘power-exponent’ equal to a  { positive ‘even’ integer } greater than or equal to  ‘4’ ,  i.e.    { ‘Qi’  is  ‘even’   &  ‘Qi’  
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  ‘4’ } .

so that if we wish to express the original  ‘IX-ODD’  in the format :


IX-ODD   =   [ perfect square ] * [ product of all the other factors ]

The largest [ perfect square ] we can have here is the product of :

   
{ members of  ‘Group S’  raised to  [ the 2nd power ] }

   *
{ members of  ‘Group T’  raised to  [ their ‘highest’ power minus  ‘1’ ] }

   *
{ members of  ‘Group U’  raised to  [ their ‘highest’ power ] }

And the corresponding ‘other-half’ of the  { Paired Factors } here is then the  product of :


{ members of  ‘Group R’  raised to  [ the 1st power ] }

   *
{ members of  ‘Group T’  raised to  [ the 1st Power ] }

And these two(2) numbers here is then the [ base numbers ]  for our expansion via { Squares }  &  { Non-Squares } . 
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