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                            - A First Glance

Fermat’s ‘Sum-Of-Two-Squares’ Equation :

The following statement, is generally attributed to Pierre de Fermat (1601-1665) :


For any  { positive integer }  ‘C’  that can be expressed as the sum of the squares of two (2) positive integers, i.e. :



C   =   D2  +  E2

if this  { positive integer }  ‘C’  is  ‘prime’ , then there can be one and only one set of  distinct  [ ‘D’ & ‘E’ ]  that can satisfy the above ‘Sum-Of-Two-Squares’ equation.

This equation, in this particular format, shall be known throughout our paper as the Fermat ‘Sum-Of-Two-Squares’ Equation.

We note here the three (3) categories for this Fermat ‘Sum-Of-Two-Squares’ equation :

a)
The case of :



1   =   02  +  12
is generally not included here. ( ‘0’ is not deemed a  { positive integer } )

b)
The very special case of :



2   =   12  +  12




which has unique property of  { D  =  E } .

c)
The general case of :

‘C’  being a { positive ‘odd’ integer }, yielding only two (2) possibilities :

either :

‘D’  is ‘even’   &   ‘E’  is  ‘odd’   ;

or :

‘D’  is ‘odd’   &   ‘E’  is  ‘even’   , 

yielding that  ‘C’  here is necessarily  of the format  ‘4*K + 1’ .

Assuming that  ‘D’  is  ‘even’  and  ‘E’  is  ‘odd’ , then :

‘D2’  is necessarily of the format  ‘4*K + 0’  and

‘E2’  is necessarily of the format  ‘4*K + 1’ ;


so that the sum  [ D2  +  E2 ]  must necessarily be of the format  ‘4*K + 1’ . 

An Example :

We then list all the { positive ‘P-ONE’ ‘odd’ integers } of the format ‘4*K + 1’ , up to  ‘257’ , and try to express these as a ‘Sum-Of-Two-Squares’, wherever possible , in  ‘Appendix B’ .

From this table in ‘Appendix B’, the following would seem to be valid  for any  { positive ‘P-ONE’ ‘odd’ integer } of the format ‘4*K + 1’ :

a)
If its ‘prime’ factors contain only  { positive ‘P-ONE’ ‘odd’ ‘primes’ }  of the format ‘4*K + 1’ , then this  { positive ‘P-ONE’ ‘odd’ integer }  can be expressed as a ‘Sum-Of-Two-Squares’.

b)
If its ‘prime’ factors contain one or more  { positive ‘M-ONE’ ‘odd’ ‘primes’ } of the format ‘4*K  1’ , then this { positive ‘P-ONE’ ‘odd’ integer } cannot be expressed as a ‘Sum-Of-Two-Squares’ , unless :

the product of all the  { ‘M-ONE’ ‘prime’ factors } for this particular { positive ‘P-ONE’ ‘odd’ integer } of the format ‘4*K + 1’  is a ‘perfect square’ .

An Algebraic Formula :

Let us now look at ‘algebraic formula’ , to be used extensively throughout our analysis here, for combining  ‘Sum-Of-Two-Squares’ equations to form new ‘Sum-Of-Two-Squares’ equations :

IF :

we have two (2)  { positive ‘odd’ integers } , [ C1 ]  &  [ C2 ]  respectively, each being capable of being expressed as a ‘Sum-Of-Two-Squares’ , i.e. :


[ C1 ]   =   D2  +  E2

[ C2 ]   =   X2  +  Y2
THEN :


their multiplicative product, [ C1 ] * [ C2 ] , i.e. :

[ C1 ] * [ C2 ]

   =
[ D2 * X2 ]  +  [ D2 * Y2 ]  +  [ E2 * X2 ]  + [ E2 * Y2 ]

can also be expressed as a ‘Sum-Of-Two-Squares’, as follows :

Set One :

Either :

[ C1 ] * [ C2 ]

  =
[ D*X  +  E*Y ] 2   +   [ D*Y    E*X ] 2

( equation  FER-001-A )






for  { D*Y  >  E*X }

or :

[ C1 ] * [ C2 ]

   =
[ E*Y  +  D*X ] 2   +   [ E*X    D*Y ] 2

( equation  FER-001-B )






for  { E*X  >  D*Y }

Set Two :

Either :

[ C1 ] * [ C2 ]

   =
[ D*Y  +  E*X ] 2  +  [ D*X    E*Y ] 2

( equation  FER-002-A )






for  { D*X  >  E*Y }

or :

[ C1 ] * [ C2 ]

   =
[ E*X  +  D*Y ] 2  +  [ E*Y    D*X ] 2

( equation  FER-002-B )






for  { E*Y  >  D*X }

We note here that the above ‘algebraic formula’ is valid :

a)
for  ‘C1’ , ‘C2’ , ‘D’ ,  ‘E’ ,  ‘X’ ,  &  ‘Y’  being  { positive integers } ,

b)
for  ‘C1’ , ‘C2’ , ‘D’ ,  ‘E’ ,  ‘X’ ,  &  ‘Y’  being  { real numbers } ,

c)
for  ‘C1’ , ‘C2’ , ‘D’ ,  ‘E’ ,  ‘X’ ,  &  ‘Y’  being  { complex numbers } .

Special Case of  { 2  =  12  +  12 } :

We also note here that, for the special case of :

[ C1 ]  =  2  ,  D =  1 ,   E  =  1 ;

arising from :

2   =   12  +  12
‘Equation FER-001-A’  and  ‘Equation FER-002-B’  are equivalent ,     and

‘Equation FER-001-B’  and  ‘Equation FER-002-A’  are equivalent ;

so that only one (1) new set of numbers  can be generated from this formula  for the product of  { 2 * [ C2 ] } , i.e. :


2 * [ C2 ]   =   H2  +  J2
has only one set of distinct  { ‘H’  &  ‘J’ }  if the original equation 
;


[ C2 ]   =   X2  +  Y2

has only one set of distinct  {  ‘X’  &  ‘Y’ } .

{ ‘Odd’ Powers of  ‘2’ }  vs.  { ‘Even’ Powers of  ‘2’ } :

We simply note here that :


2   =   12  +  12

4   =   22  +  02

8   =   22  +  22

16   =   42  +  02

32   =   42  +  42

64   =   82  +  02
And so-on-and-so forth, so that only  { ‘odd’ Powers of  ‘2’ }  can be express as a non-trivial  ‘Sum-Of-Two-Squares’.

Both of these observations will be very helpful when we discuss the  [ ‘Multiplication Table’  for  { Modulo  P }  ]  in  ‘Section 7’ on ‘The Fermat Little Theorem’ .
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