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                           A Second Look

Expansion Formulas :

A rather interesting situation arises from the ‘Expansion Formula’ we have in the last chapter , i.e. ‘Equation FER-001-A’ , ‘Equation FER-001-B’ , ‘Equation FER-002-A’   &  ‘Equation FER-002-B’ .

Let us now look at Fermat ‘Sum-Of-Two-Squares’ equations for the  { ‘prime’ number }  ‘13’ :


13   =   22   +  32   =   4  +  9

This equation is then of the format :


X2  +  Y2   
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   0   modulo  P

where :
‘P’  is  { ‘prime’ number } of the format  ‘4*K +1’  and is equal to  ’13’ in this case.

which  gives rise to the equation :

X2  +  Y2    =   N * P

where :   ‘N’  is a { positive integer }  for the non-trivial solutions.

What then are the rules governing the factors of   ‘N’ :

i)
‘2’  and  [ Powers-Of-‘2’ ]  may be factors of  ‘N’ ,

ii)
{ ‘prime’ numbers }  of the format  ‘4*K + 1’ , raised to any positive ‘power’, may also factors of  ‘N’ ,

and our Expansion Formulas : i.e. ‘Equation FER-001-A’ , ‘Equation FER-001-B’ , ‘Equation FER-002-A’   &  ‘Equation FER-002-B’ , would be applicable here.

But :

If :

a  { ‘prime’ number } ‘IMONE’  of the format  ‘4*K  1’ ,  is a factor of  ‘N’ ,

Then :

‘IMONE’  must be raised to an  [ ‘even’ power ] ,  within  ‘N’ .

i.e. :

for
[ ( IMONE )PWR ] * [ IOTHERS ]  =  N





where  G.C.D.  { IMONE , IOTHER }  =  1

[ PWR ] here must be an  { positive ‘even’ integer }  or   [ 0 ]  in order that the equation :

X2  +  Y2    =   N * P





where :   ‘N’  is a { positive integer }


be true & valid.

The expansion formula here is then :

If :

X2  +  Y2  =  P

Then:
  
( Q*X )2  +   ( Q*Y )2   =   Q2 * P

Let us now use the expansion formula’s to arrive at :

 


Sum-of-Two-Squares

Comments
#1.
13 * 1

13  =   22  +  32

Original ‘base’ equation.

#2.
13 * 2 

26   =  12  +  52

{ ‘odd’ Power of  ‘2’ }  on  ‘13’

#3
13 * 22

52   =   42  +  62

{ ‘even’ Power of  ‘2’ }  on  ‘13’

#4
13 * 5

65   =   12  +  82 

{ N * 13 } with { ‘N’ = 5 }

#5


65   =   42  +  72

same as above.

#6
13 * 23

104   =   22  +  102

{ ‘odd’ Power of  ‘2’ }  on  ‘13’

#7
13 * 32

117   =   92  +  62

{ ‘IMONE’ raised to an ‘even’ power }

on ‘13’

#8
13 * 2 * 5
130   =   92  +  72

{ ‘odd’ Power of  ‘2’ }  on  ‘65’

#9


130   =   112  + 32

same as above

 


Sum-of-Two-Squares

Comments

13 * 13
169   =   122  + 52

Pythagorus Equation

#11
13 * 24

192   =   122  +  82

{ ‘even’ Power of  ‘2’ }  on  ‘13’

#12
13 * 17
221   =   112  +  102

{ ‘17’ }  on  ‘13’




221   =   142  +  52

same as above

13 * 52

325   =  12  +  182

{ 25 } on ‘13’




325   =   172  +  62

{ 25 } on ‘13’




325   =   102  +  152

{ ‘even’ power of  ‘5’ }  on ‘13’

13 * 29
377   =   112 + 162

{ ‘29’ }  on  ‘13’




377   =   42  +  192

same as above

And so-on-and-so forth.

The  twelve (12)  ‘Sum-of-Two-Squares’ equations marked above by the ‘#1’  thru  ‘#12’ , are then the ones with  :


1  
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  X  
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  12
and
1  
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  Y  
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  12

which will show up in our  [ ‘Multiplication Table’  for  { modulo 13 } ] in a later section.

The key observations here is this :

i)
the [ ‘base’ equation ] is :



13   =   22  +  32
ii)
the  [ single-power-of-‘2’ equation ]  is :



2 * 13  =   12  + 52 

iii)
the  [ Pythagorus Equation ]  is :



13 * 13  =   122 +  52

And all other ‘Sum-of-Two-Squares’ equations involving the number  ‘13’  are expanded from these three (3) equations, although  [ ii) ]  &  [ iii) ]  are not a ‘Sum-Of-Two-Squares’ equation for a  { ‘prime’ number } .

The reader should bear this in mind as we move on to the duality of the Fermat ‘Sum-Of-Two-Squares’ equation in the next chapter.

Singularity of the Fermat ‘Sum-of-Two-Squares’ equation :

The author did read a ‘proof’ attributed to  Don Zagier  in the book :


‘Proofs from THE BOOK’

Aigner - Zeigler


publisher : Springer


ISBN 3-540-63698-6

But the author has yet to come up with his own proof as of  2003-11-01.

And the matters shall stand for the moment.
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