Chapter 6-01 :   The ‘Fermat Little Theorem’ - ‘FIRON’ : the 1st
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                            Instance of ‘One’  for  [ aX  mod  P ]

The ‘Fermat Little Theorem’ :

Let us now state the ‘Fermat Little Theorem’ in a generalized format, as follows :

IF :

‘P’
is  a  { positive ‘prime’ number }     and

 ‘a’
is  a  { positive integer }  greater than or equal to  [ 1 ]    and

is relatively ‘prime’ with respect to  ‘P’ ,

 i.e. :
G.C.D.  { a , P }   =   1

THEN :

a( P  1 )   
[image: image1.wmf]º

   1  modulo  P

A Derived Relation :

For any given value of  { a }  satisfying the condition  { 1 
[image: image2.wmf]£

  a  <  P  } , a derived relation arising there-from is then :

aP   
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   a  modulo  P

being the result of :

a * a( P  1 )   
[image: image4.wmf]º

   a * [ 1  modulo  P ]

The Special Case of  { P  =  2 } :

We note here that for the case of  { P  =  2 } , the  ‘Fermat Little Theorem’  is rather trivial :

a)
any ‘odd’ number is relatively ‘prime’ with respect to  [ 2 ] , but

any ‘even’ number is not, and cannot be, relatively ‘prime’ with respect to  [ 2 ] ;


Therefore,  ‘a’  is necessarily a  { positive ‘odd’ integer }.

b)
the value of  { P }  here is  [ 2 ]   and  consequently  { P  1 }  would take on the value of  [ 1 ] , so that the equation :

a( P  1 )   
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   1  modulo  P


becomes :



a1   
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   1  modulo  2


But  ‘a’  is necessarily an  { positive ‘odd’ integer }  and the equation would then become :



   [ odd number ] 1   
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   1  modulo  2

which is simply the statement that any ‘odd’ number is of the format  ‘2*K + 1’ .

‘Modulo  M’ mathematics :

Before moving on, let us refresh ourselves with the working definition for ‘Modulo  M’ mathematics, as follows :


In general, when we divide any non-negative integer  ‘X’ , by a positive integer  ‘M’, we can label the resultant quotient  ‘Q’  and the remainder  ‘R’ , such that :



X   =   Q * M  +  R

with   0  
[image: image8.wmf]£

  R  <  M


We can then write :



X   
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   R  modulo  M

We note here that if  { R  =  0 }, then :

either :

X   =  0

[image: image10.wmf]Þ


Q  =  0

or :

{ M }  is divisible into  { X }


[image: image11.wmf]Û



X   =   Q* M.

Powers of  ‘a’ :

Let us start by looking at the cases where  ‘a’  is smaller than  ‘P’ , i.e. :


a  <  P

Let us now introduce the variables/values  ‘bi’  for   { i   =  ‘1’  to  ‘N’ } , where  ‘N’  is sufficiently large, such that :

b1   =   ( a)1  modulo  P


b2   =   ( a )2  modulo  P


b3   =   ( a )3  modulo  P


     …


     …


     …


bN  2   =   ( a)N  2  modulo  P


bN  1   =   ( a )N  1  modulo  P


bN   =   ( a )N  modulo  P

We note here first of all that :

b1   =   { ( a )1  modulo  P }   
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   { a   modulo  P }   =   a

and

1  
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  bi  
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  { P  1 }

( because  G.C.D. { a , P }  =  1  ,    { aX   
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   0  modulo  P }  is impossible, for any value of  ‘X’ . )

Definition of  ‘FIRON’ :

Let us now suppose that we were able to evaluate each value of  ‘bi’  as we increase the value of  ‘i’  from  [ 1 ]  towards  [ N ] .

Let us now look at an example for the values of  [ aX  modulo  13 ] , for the values of  ‘X’   from [ 0 ]  to  [ 13 ] , as per the following table  :

[image: image16.wmf]
Let us suppose that we able to identify the first instance where we encounter  { ‘bi’  =  1 }, as we increase the value of   ‘i’  from  [ 1 ]  towards  [ N ] , for each set of fixed values for

{ a , P } , for the defining equation of  { bi } we have above, i.e. :


bi    =   ( a )i  modulo  P

And we identify this value of   [ i ] , for each set of fixed values for  { a , P } , as  the value  ‘FIRON’ , a { positive integer }  greater than or equal to  [ 1 ] , for that particular set of  fixed values for  { a , P }.

( ‘FIRON’  then stands for the  ‘First-Instance-Of-One’ ) 

And we shall label this value, for that particular set of values for  { a, P }, as the value 

{ FIRON-a/P }.

We then have, for the above example, the values for  ‘FIRON-a/P’, as follows :

{ FIRON-1/13 }   =   1

{ FIRON-2/13 }   =   12

{ FIRON-3/13 }   =   3

{ FIRON-4/13 }   =   6

{ FIRON-5/13 }   =   4

{ FIRON-6/13 }   =   12

{ FIRON-7/13 }   =   12

{ FIRON-8/13 }   =   4

{ FIRON-9/13 }   =   3

{ FIRON-10/13 }   =   6

{ FIRON-11/13 }   =   12

{ FIRON-12/13 }   =   2


as marked by the ‘Green-color Boxes’ in the Table/Diagram above.

And in general, we would have the relation, for each set of fixed values for  { a , P } :


bFIRON   =   { a FIRON  modulo  P }   
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   { 1   modulo  P }   =   1


with  G.C.D. of  { a , P }  =  1

The Most Important Property of  ‘FIRON’ :

Let us now look at the most important property for this value  ‘FIRON’  for each set of fixed values for  { a , P } , with { G.C.D. { a , P }  =  1 } .

First, let us list again the values  ‘bi’  for   { i  =  [ 1 ]  to  [ FIRON  1 ] }, as follows :

b1   =   ( a )1  modulo  P   =   a   modulo  P   =   a

b2   =   ( a )2  modulo  P


b3   =   ( a )3  modulo  P


     …


     …


     …


bFIRON  2   =   ( a )FIRON  2  modulo  P


bFIRON  1   =   ( a )FIRON  1  modulo  P

We note here, again, that :


bi   =   ( a )i  modulo  P   
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  0  modulo  P 


for otherwise this would have implied that  ‘a’  &  ‘P’ are not relative ‘prime’, which is not the case here.

Let us now pick any two (2) values of  ‘bj’  and  ‘bk’  here such that  ‘ j   
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  k ’ .

For our analysis here, we shall arbitrarily pick  ‘j’  to be greater that  ‘k’ , although the analysis would following along the same lines-of-thoughts if the reverse turns out to be the case.

We then have :


1   
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   k   <   j   
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   [ FIRON  1 ]

yielding, for the value  [ j  k ]  :


1   
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   [ j    k ]   
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   [ FIRON  2 ]

Let us now investigate whether we can have :


bj   =   bk
for   { j  
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  k }

Let us, for our analysis here, assume that this is possible to find out where this would lead us.

Let us then suppose that we were able to find a particular set of values for  ‘j’  &  ‘k’  such that :


bj   =   bk
for   ‘ j   
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  k ’

We would have :


aj  modulo  P   
[image: image26.wmf]º

   ak  modulo  P

yielding :


[ aj  k * ak ]  modulo  P   
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   ak  modulo  P

Thus,


[ a j  k  modulo  P ] * [ ak  modulo  P ]  
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   ak   modulo  P

yielding,


aj  k modulo  P   
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   1  modulo  P

( note :
We have ruled out  the possibility of  { ak  modulo  P   
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   0  modulo  P }  since  ‘a’  &  ‘P’  are relatively ‘prime’.)

Let us recall the inequality we have established above, i.e :


1   
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   [ j    k ]   
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   [ FIRON  2 ]

so that  [ j    k ]  is always smaller than  [ FIRON – 1 ]  which, in turn, is smaller than  [ FIRON ] .

But  ‘FIRON’ is the ‘first-instance’ where we have :


bi   =   ( a )i  modulo  P   
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   { 1  modulo  P }   =   1



as we increase the value of  ‘i’  from  { [ 1 ]  towards  [ N ] }

so that :


aFIRON  modulo  P   
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   1  modulo  P

and


{ ( a )i  modulo  P }   
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   { 1  modulo P }   

for  { 1   
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  i  <  FIRON }

(note :
Again we have ruled out  the possibility of  { ( a )i  modulo  P   
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   0  modulo  P }  since  ‘a’  &  ‘P’  are relatively ‘prime’ , same as above.)

But we now have :


aj  k  modulo  P   
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   1  modulo  P

with  [ j  k ]  smaller than  ‘FIRON’, clearly a contradiction of the ‘first-instance’ definition of  ‘FIRON’  and therefore cannot be the case.

We must therefore conclude that :


bj  
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  bk
for   ‘ j   
[image: image40.wmf]¹

  k ’




with  ‘j’  &  ‘k’  both being smaller than  ‘FIRON’ .

And this is then the most important property of  ‘FIRON’.

Other Properties of  ‘FIRON’ :

Let us now look at some of the other properties of  ‘FIRON’ , derived from this ‘Most Important Property’ of  ‘FIRON’.

Property One :

‘FIRON-a/P’  
[image: image41.wmf]£

  { P  1 }

The largest possible value for  ‘FIRON’  is then  [ P  1 ] ,  and this is because :

a)
based on the definition of   ‘modulo  P’ , the possible range for all the  { bi’s }  is :


1   
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   bi   
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  [ P  1 ]



for   G.C.D. { a , P }  =  1

so that there is a maximum number of  [ P  1 ]  different  values  available for selection to fill the { bi’s } .

b)
Thus, if  ‘FIRON’  is in fact greater than  [ P  1 ] , then one or more of the  { bi’s’ }  for  { 1  
[image: image44.wmf]£

  i  <  FIRON }  must have the same value.


And this is because , if  ‘FIRON’  is in fact greater than  [ P  1 ] , then :

(i)

( a )FIRON   
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  1  modulo  P


(ii)

bi   =   { ( a )i  modulo  P }   
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   { 1  modulo P }

for  { 1   
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  i  <  FIRON }

And consequently :

(i)
there is, now, a minimum of   [ P  1 ]  { bi’s } in the domain of 

{ 1  
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  i  <  FIRON }  to be each filled with a value, because :


{ FIRON  >  [ P  1 ] }     
[image: image49.wmf]Þ

     { FIRON  
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   P }

(ii)
but there are only a maximum of  [ P  2 ]  values available to fill these vacancies, because :

although there were originally  [ P  1 ]  values available, the value  [ 1 ]  is now reserved for  { bFIRON   =   ( a )FIRON  modulo  P  =  1 } , there are only  

[ P – 2 ] values available for selection for the intermediate  { bi’s } .

so that at least two (2) or more  { bi’s }  must share the same value.

But our ‘Most Important Property’ for  ‘FIRON’ , above , dictates that :


bj  
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  bk
for   ‘ j   
[image: image52.wmf]¹

  k ’





with  ‘j’  &  ‘k’  both being smaller than  ‘FIRON’ .


so that this cannot be the case.

Thus, we must conclude the largest possible value for  ‘FIRON’  is  [ P  1 ] .

Property Two :

( a )X   modulo  P   
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   ( a )X + FIRON  modulo  P

This is because :


      ( a )X + FIRON modulo  P
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   [ { ( a )X  modulo  P } * { ( a )FIRON  modulo  P } ] modulo  P
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   [ { aX  modulo  P } * { 1  modulo  P } ] modulo  P
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   [ aX  modulo  P ]  modulo  P
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   aX  modulo  P

It then also follows that :


( a )X  modulo  P   
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   ( a )X + ( N *  FIRON )  modulo  P





where  ‘N’  is any positive integer.

We see here then that for any set of fixed values for  { a, P } ,  ‘FIRON’ then defines the { periodicity of the powers of  ‘a’  modulo  ‘P’ } .

A very important consequence of this is that :

IF :


We were to list the  { bi’s }  for the  { ( powers of  [ a ] )  modulo  P }  from  { i   =  1   to  ‘FIRON’ } , i.e. :


b1   =   ( a )1  modulo  P


( we note :   b1  =  a )


b2   =   ( a )2  modulo  P



b3   =   ( a )3  modulo  P

 

          ……….


bFIRON   =   ( a )FIRON  modulo  P

(  we note :   bFIRON  =  1 )

so that these  { bi’s }  form a  ‘set’  having  ‘FIRON’  members,

THEN :

for any positive integer  ‘X’, 

[ aX  modulo  P ] must have a value that is a member of this specific  ‘set’  of  ‘FIRON’  members.

This is a very important and useful property which will lead us to our proof of the ‘Fermat Little Theorem’  in the next section below.

Property Three :
‘FIRON’  is divisible into  [ P  1 ]

Our proposal here is simply :


{ P  1 }   =    * { FIRON }  +  0


where  ‘’  is a positive integer.

or simply / alternately :


{ P  1 }   =    * { FIRON }

We note here that if this is true, then the ‘Fermat Little Theorem’ would necessarily follow, because we would then have :



aP  1   modulo  P


=
a(  * FIRON )  modulo  P


=
( aFIRON )   modulo  P
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[ { aFIRON  modulo  P } ]  modulo  P

Plugging in :


aFIRON  modulo  P   
[image: image60.wmf]º

   1   modulo  P

then yields :



aP  1   modulo  P
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[ ( 1  modulo  P )  ]  modulo  P
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1  modulo  P

Let us now look at our proposal above in more details.

First-of-all, suppose that  ‘FIRON’  is in fact  equal to  [ P 1 ] .

In this case  ‘FIRON’  is clearly divisible into  [ P  1 ] , and the quotient of this division is simply the value  [ 1 ] .

And no further analysis is necessary here.

Secondly, let us look at the case where  ‘a’  =   [ 1 ] , in which case  ‘FIRON’  =  [ 1 ] , i.e. :


aFIRON  modulo  P   
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   11  modulo  P   
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   1  modulo  P

and no further analysis is necessary here either, because  [ 1 ]  is always divisible into  [ P  1 ] .

Thirdly and finally, let us look the case where :


a  >  1     and    1   <  FIRON  <  [ P  1 ]

Let us suppose that for a set of fixed values for  { a , P }, we were able for find the  ‘FIRON’  for this set of fixed values for  { a , P } and such that :

1  <  { FIRON-a/P }  <  [ P  1 ]

( the range of  ‘a’  remains to be between  [ 1 ]  &  [ P  1 ]  throughout this chapter but  ‘a’  cannot be  [ 1 ]  here as we have already dealt with this in the  ‘Second’  case immediately above, so that :

a1   
[image: image65.wmf]º

   1  modulo  P

is not possible here and is therefore ruled-out here at the out-set).

Let us now re-label  ‘FIRON-a/P’ as the variable/value  [ FAP ] , for easier notation purposes, such that , again :


1  <  FAP   <   [ P  1 ]

( ‘FAP’  then stands for  ‘FIRON-a/P’ )

For our analysis here, let us then do the following :

Step 1 :

List all the positive integers from  [ 1 ]  to  [ P  1 ]  and label this our { Global-Set }.

Our { Global-Set } will then have  [ P  1 ]  members.

Step 2 :

We shall now form a new sub-set, the { Base Set }, with [ FAP ] members,  by listing all the  

{ bi’s }  from  { i  =  [ 1 ] }  to  { i  =  [ FAP ] } , and label these members as { Bi’s },  as follows :

B1   =   b1   =   ( a )1  modulo  P

( B1  =  a )

B2   =   b2   =   ( a )2  modulo  P

B3   =   b3   =   ( a )3  modulo  P

     ……….

BFAP   =   bFIRON   =   ( a )FIRON  modulo  P


( BFAP  =  1  by definition of  ‘FIRON’ / ‘FAP’ )

We note that  ‘1’  &  ‘a’  are always two (2) members of this  { Base-Set } .

Step 3 :

We now set up a  { temporal-unselected-members } set by subtracting from the { Global-Set } :

a)
the  { Base-Set } ,

We now pick, arbitrarily / at-random / at-our-discretion, a value from this  { temporal-unselected-members } set,  and label this the  ‘temporal value’  { VTEMP } .

Step 4 :

We now set up another sub-set of the  { Global Set } , containing  [ FAP ]  members, as follows :

C1   =   { VTEMP  *  B1 }  modulo  P

C2   =   { VTEMP  *  B2 }  modulo  P

C3   =   { VTEMP  *  B3 }  modulo  P

     ……….

CFAP   =   { VTEMP  *  BFAP }  modulo  P

We will simply state here that :

a)
this new set will contain  [ FAP ]  members, each having a different value from one-another.

b)
this new set is a sub-set of the  { temporal-unselected-members } set for up to this stage and its members are therefore not members of the { Base-Set } .

These two (2) statements will be discussed further at lengths below.

Step 5 :

We now set up a new  { temporal-unselected-members } set  for this stage by subtracting from the  { Global-Set } :

a)
the  { Base-Set } ,

b)
any addition ‘sets’ that may have been formed by this time, via ‘Step 3’  &  ‘Step 4’ previously, or via ‘Step 5’  &  ‘Step 6’  here, which may be repeated time-and-again as necessary, and as the case may be.

We now pick, arbitrarily / at-random / at-our-discretion, a value from this  { temporal-unselected-members } set  for this stage and label this the new ‘temporal value’  { VTEMP } .

Step 6 :

We now set up a set containing  [ FAP ]  members, as follows :

D1   =   { VTEMP  *  B1 }  modulo  P

D2   =   { VTEMP  *  B2 }  modulo  P

D3   =   { VTEMP  *  B3 }  modulo  P

     ……….

DFAP   =   { VTEMP  *  BFAP }  modulo  P

We will simply state here that :

a)
this new set will contain  [ FAP ]  members, each having a different value from one-another.

b)
this new-set is a sub-set of the  { temporal-unselected-members } set  for up to this stage and its members are therefore not members of the { Base-Set } , or any other sets, each having  [ FAP ]  members, which have been selected/identified up to this stage.

These two (2) statements will, again, be discussed further at lengths below.

Step 7 :

We repeat ‘Step 5’  &  ‘Step 6’  until there are :

either :

only { [ FAP ] members } left ,

or :

{ less-than-[ FAP ] members } left

 in the newly created  { temporal-unselected-members }set, up to this stage.

We shall then put all the members in this  { temporal-unselected-members } set  into the 

{ Final-Set } and label the { number of members } in this set as the variable/value  { NFIS } .

(  ‘NFIS’  then stands for  ‘Number-of-Members’ in the ‘Final-Set’ )

We shall then label the members in this  { Final-Set }  as follows :


{ Final-Set }   =   { Z1 }




( if there is only  1  member )

or


{ Final-Set }   =   { Z1 ,     ………. , ZNFIS }


( if there are more than  1  member )

as the case may be.

We shall now attempt to :

a)
verify the two (2) statements made in ‘Step 4’ above and the two (2) very similar statements made in ‘Step 6’ above,     and

b)
determine the size of this { Final-Set }, i.e. the value { NFIS }.

Clearly, if  we are able to determine that the size of this  { Final Set }  is , in fact, equal to  [ FAP ], i.e. :


{ NFIS }  =  [ FAP ]

then the  ‘Fermat Little Theorem’  is proven, since all the sub-sets here are of  size  [ FAP ]  so that  [ FAP ]  must be divisible into  [ P  1 ] .

For our discussion here, let us first set up two (2) set,  { Set [ i ] }  &  { Set [ i ]  }  respectively,  each having  [ FAP ]  distinct members, as follows, with the  key/identifying value of each set being  ‘VTEMP-X’  &  ‘VTEMP-Y’ respectively :
Set  [ i ]  :


1   =   [ VTEMP-X *  { a1 } ]  modulo  P   =   [ VTEMP-X *  B1 ]  modulo  P


2   =   [ VTEMP-X *  { a2 } ]  modulo  P   =   [ VTEMP-X *  B2 ]  modulo  P


     ……….


FAP   =   [ VTEMP-X *  { aFAP } ]  modulo  P   =   [ VTEMP-X *  BFAP ]  modulo  P

with :

1 
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  VTEMP-X  
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  [ P  1 ]

Set  [ i ]   :


1   =   [ VTEMP-Y *  { a1 } ]  modulo  P   =   [ VTEMP-Y *  B1 ]  modulo  P


2   =   [ VTEMP-Y *  { a2 } ]  modulo  P   =   [ VTEMP-Y *  B2 ]  modulo  P


     ……….


FAP   =   [ VTEMP-Y *  { aFAP } ]  modulo  P   =   [ VTEMP-Y *  BFAP ]  modulo  P

with :

1 
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  VTEMP-Y  
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  { P  1 }

We note here that :

a)
‘VTEMP-X’  is always a member of the  [i]  set , in particular :



FAP   =   [ VTEMP-X *  { aFAP } ]  modulo P
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   [ VTEMP-X * { aFAP  modulo  P } ]  modulo  P
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   [ VTEMP-X * { 1 } ]  modulo  P
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   [ VTEMP-X ]  modulo  P



          =   VTEMP-X

b)
‘VTEMP-Y’  is always a member of the  [ j ]  set , in particular :


FAP   =   [ VTEMP-Y *  { aFAP } ]  modulo  P
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   [ VTEMP-Y * { aFAP  modulo  P } ]  modulo  P
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   [ VTEMP-Y * { 1 } ]  modulo  P
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   [ VTEMP-Y ]  modulo  P



          =   VTEMP-Y
c)
‘j’  
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  ‘k’   for  ‘j  
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  k’ .


If we were able to find a set of  ‘j’  &  ‘k’  with  ‘j  
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  k’  such that :

‘j’  =  ‘k’


then this would mean that :



[ VTEMP-X * Bj ]  modulo  P   =   [ VTEMP-X * Bk ]  modulo  P


which must necessarily follows from :



Bj  modulo  P   =   Bk  modulo  P 
 for  ‘j  
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  k’


because  [ VTEMP-X ]  is a member of the  { Global-Set }  which included only  { positive integers }  from  [ 1 ]  to  [ P  1 ]  and  [ VTEMP-X ]  is therefore not  ‘0’.


But this is impossible as per our proof above for the ‘most important property’ for  ‘FIRON’, namely that :


bj  
[image: image80.wmf]¹

  bk
for   ‘ j   
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  k ’




with  ‘j’  &  ‘k’  both being smaller than  ‘FIRON’ .


Thus, we must conclude that the  [ i ] set  contains exactly  [ FAP ]  distinct and different members.

d)
‘j’  
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  ‘k’   for  ‘j  
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  k’ .


If we were able to find a set of  ‘j’  &  ‘k’  with  ‘j  
[image: image84.wmf]¹

  k’  such that :

‘j’  =  ‘k’


then this would mean that :



[ VTEMP-Y * Bj ]  modulo  P   =   [ VTEMP-Y * Bk ]  modulo  P


which must necessarily follows from :



Bj  modulo  P   =   Bk  modulo  P 
 for  ‘j  
[image: image85.wmf]¹

  k’


because  [ VTEMP-Y ]  is a member of the  { Global-Set }  which included only  { positive integers }  from  [ 1 ]  to  [ P  1 ]  and  [ VTEMP-Y ]  is therefore not  ‘0’.


But this is impossible as per our proof above for the ‘most important property’ for  ‘FIRON’, namely that :


bj  
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  bk
for   ‘ j   
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  k ’




with  ‘j’  &  ‘k’  both being smaller than  ‘FIRON’ .


Thus, we must conclude that the  [ j ] set  contains exactly  [ FAP ]  distinct and different members.

Let us now investigate whether the  [ VALUE ]  as given by the formula :


[ VALUE ]   =   [ i * aX ]  modulo  P


where :

‘i’  is any member of the  [ i ] set ,   and 




‘X’  is any  { positive integer }  from  ‘1’  to  ‘
[image: image88.wmf]¥

’ ;

is a member of the  [ i ] set .

We then have :


[ VALUE ]   =   [ i * aX ]  modulo  P

              =   [ { ( VTEMP-X * ai  )  modulo  P } *  aX ]  modulo  P

              =   [ VTEMP-X * ai  *  aX ]  modulo  P

or,

[ VALUE ]   =   [ VTEMP-X * ai + X  ]  modulo  P

We note that we can always re-write  [ i  +  X ]  in a ‘quasi’  ‘modulo FAP’  format, i.e. we set up :


[ i   +  X  ]   =    * FAP  +  




where :

‘’  &  ‘’  are integers with :

0  
[image: image89.wmf]£

    
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1  
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    
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  FAP

We then have :

[ VALUE ]   =   [ VTEMP-X * ai + X  ]  modulo  P

                    =   [ VTEMP-X * a[* FAP  +   ]  modulo  P

                    =   [ VTEMP-X * a[* FAP ] * a  ]  modulo  P

                    =   { [ VTEMP-X * a ]  modulo  P } *  { a[* FAP ]  modulo  P }

                    =   { [ VTEMP-X * a ]  modulo  P } *  { [ a FAP ]  modulo  P }

                    =   { [ VTEMP-X * a ]  modulo  P } *  { [ a FAP  modulo  P ]  modulo  P }

                    =   { [ VTEMP-X * a ]  modulo  P } *  { [ 1 ]  modulo  P }

                    =   VTEMP-X * a   modulo  P

with :

1  
[image: image94.wmf]£

    
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  FAP

Clearly, this  [ VALUE ]  is a member of the  [ i ] set  as we have defined above.

That is :


{ [ i * aX ]  modulo  P }  is always a member of the  [ i ] set .

where :

‘X’  is any  { positive integer }  from  ‘1’  to  ‘
[image: image96.wmf]¥

’ ;

Let us now also investigate whether the [ VALUE ]  as given by the formula :


[ VALUE ]   =   [ i * aY ]  modulo  P


where :

‘i’  is any member of the  [ i ] set ,   and 




‘Y’  is any  { positive integer }  from  ‘1’  to  ‘
[image: image97.wmf]¥

’ ;

is a member of the  [ i ] set .

By the exact-same analysis that we have just gone-through above, we can conclude that this is so and :


{ [ i * aY ]  modulo  P }

where :

‘Y’  is any  { positive integer } from  ‘1’  to  ‘
[image: image98.wmf]¥

’ ;

is always a member of the  [ i] set .

Suppose for now that we find that one member of the  [ i ] set  and one member of the  [ i ] set   are the same, i.e. :


U  =   V
then we can always list out the other members of the  [ i ] set  and the  [ j ] set  via :


X   =   [ U * aX  ]  modulo  P

where  ‘X’  =   ‘1’  to  ‘FAP’


and


Y   =   [ V * aY  ]  modulo  P

where  ‘Y’  =   ‘1’  to  ‘FAP’

Clearly the two (2) expansions will yield the exact-same set of values for  [ U  =  V ]  so that we must conclude that :


IF:

one member of  { Set  [ i ] }  matches a member of  { Set  [ j ] } ,

THEN :


the  [ i ] set  and the  [ j ] set  are one-and-the-same set.


Either : [ all of  ‘them’ are the same ] , or : [ none of  ‘them’  are the same ] .

Let us now re-look at our two (2) statements each made in  ‘Step 4’  &  ‘Step 6’ above :

a)
this new set will contain  ‘FAP’  members, each having a different value from one-another.

b)
this new-set is a sub-set of the  ‘temporal-unselected-members’ set for up to this stage and its members are therefore not members of the ‘Base-Set’ , or any other sets, each of   ‘FAP’ members, which have been selected/identified up to this stage.

By the analysis that we have just-above on  { Set  [ i ] }  and  { Set  [ i] }  and  ‘Property Two’ of  ‘FIRON’  from above, i.e. :


aX   modulo  P   
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   aX + FIRON  modulo  P

[ Statement ‘a)’ ]  is hereby deemed to be a correct statement.

By the analysis that we have just-above on the  { Set  [ i ] }  and  { Set  [ j ] } , [ Statement ‘b)’ ]  is also deemed to be a correct statement.

This then bring us to the ‘Final-Set’ of  ‘NFIS’  members, i.e. :


‘Final-Set’   =   { Z1 }



( if there is only one (1) member )

or


‘Final-Set’   =   { Z1 ,     ………. , ZNFIS’ }

as the case may be.

Let us now take  [ Z1 ] , which may be the only member of the  ‘Final-Set’  if there is only one (1)  member or any arbitrary member of the  ‘Final Set’ if there are more-than-one members , as the case may be , and form a new set, { Set  [ i ] } , containing  ‘FAP’ members, as follows :

1   =   { Z1  *  B1 }  modulo  P

2   =   { Z1  *  B2 }  modulo  P

     ……….

FAP   =   { Z1  *  BFAP }  modulo  P

By the analysis that we have above on  { Set  [ i ] }  and  { Set  [ i ] } , we must conclude the  [ i ] set  contains exactly  ‘FAP’  distinct and different members.

Further, all members of the  [ i ] set  are different from members already identified/selected previously and they are therefore all contained in the ‘Final-Set’.

But the only way that this can happen is that the ‘Final-Set’ contains exactly  ‘FAP’  distinct and different members, so that the full  [ i ] set can be accommodated.

And this must be the case as there are absolutely no other alternatives.

Thus we must conclude that the ‘Final-Set’ contains exactly  ‘FAP’  members.

Conclusion :

The conclusion here is simply that :


the ‘Global-Set’  of   [ P – 1 ]  members



is made up of

sub-sets of  [ FAP ]  members each.

Thus,  ‘FAP’ ( or ‘FIRON-a/P )  is divisible into  ‘P  1’, so that we have :


{ P  1 }   =     * [ FIRON a/P ]

or alternately :


{ P  1 }   =     * [ FAP ]


where  :
‘’  is a  { positive integer } .

What this means is that when we look at the solution to the equation :


aX  modulo  P   
[image: image100.wmf]º

   1  modulo  P

we not only need to look at whether  ‘P’  is  ‘prime’ , but also at the value  [ P  1 ] , in particular, how  [ P  1 ]  may be ‘factorized’ into the format  :


{ P  1 }   =     * [ FAP ]
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