Chapter 2-05 :   The Hyperbola - Cylindrical Co-ordinates
Page 11

An Alternate Definition for the Hyperbola :

We shall now look at another definition of the ‘Hyperbola’ using the two (2) foci and the asymptotes, based on  the ‘Conic Sections’ definition .

In this definition, the  ‘hyperbola’  is defined by the two (2)  ‘foci’ , which are fixed points in space, such that the difference between :

i)
the distance from  [ any point on the  ‘hyperbola’ ]  to  [ the farther  ‘focus’ ] ,     and

ii)
the distance from  [ the same point on the ‘hyperbola’ ]  to  [ the nearer  ‘focus’ ] ,

is a  ‘constant’.

Setting up the  ‘hyperbola’ :

To set up the  ‘hyperbola’  in this manner, let us then do the following :
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a)
We first define a ‘V-Axis’ and two (2) points on this  ‘V-Axis’, as the two (2) foci, so that the distance between the two (2)  foci  is  ‘ 2*DF ’.

The  { focus on-the-left }  is then labeled the point  ‘ Point FL ’  while the  { focus on-the-right }  is labeled the point  ‘ Point FR  ’ .

b)
We then mark the mid-point between the two (2) foci as the  ‘Point-Of-Origin’ , i.e. ‘Point O’ as shown in the diagram above.

c)
For any point, ‘Point  P’ , on the ‘hyperbola’ , the distance from the  { Focus on-the-left } , ‘Point FL’ , is marked as the distance  ‘SL’  and the distance from the  { Focus on-the-right } , ‘Point FR’ , is marked as the distance  ‘SR’ , respectively.

And the ‘hyperbola’ is defined as the set of all  { Point P’s }  satisfying the relation :


SL    SR   =   constant

The Vertex of the Hyperbola :
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Let us now define the ‘vertex’ of the ‘hyperbola’ as the point where the ‘hyperbola’ cut-across the  ‘V-Axis’ ,  as shown in the diagram above.

We shall then marked off :

a)
the distance between the  ‘vertex’  of the ‘hyperbola’  and  the ‘Point-of-Origin’, ‘Point O’ , as the distance  ‘R0’ , as marked in the above diagram,

b)
consequently, the distance between the  ‘vertex’  of the ‘hyperbola’  and the  { Focus on-the-right } , ‘Point FR’ , is then given by :



distance   =   DF    R0
We then define the angle ‘BETA’, or  ‘’ , such that :


cos    =   
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as shown in the above diagram.

We shall find out later that this angle ‘BETA’, or ‘’ , is also the controlling angle for the ‘asymptotes’, as shown in the above diagram.

Defining  ‘’  and the angle ‘PHI’ :

Let us now define the distance variable  ‘’  and  the angle ‘PHI’, or  ‘’ , as marked in the diagram below :
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We then simply have :


   =   SR
Defining  ‘R’  and the angle ‘THETA’ :

Let us now define the variable  ‘R’  and  the angle ‘THETA’, or  ‘’ , as marked in the diagram below :
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The  ‘Constant’  for the  ‘hyperbola’ :

Let us now try to express the value for the  ‘constant’  in our definition for the  ‘hyperbola’ , i.e. :


constant   =   SL    SR
in terms of the distance  ‘DF’  and the angle ‘BETA’, or  ‘’ .

Let us first look the ‘vertex’ of the  ‘hyperbola’  and we find that, for this particular point,

SL   =   DF  +  R0
SR   =   DF    R0
or, substituting  { R0  =   DF * cos  }  into the above relation :

SL   =   DF  +  ( DF * cos  )   =   DF * { 1  +  cos  } 

SR   =   DF    ( DF * cos  )   =   DF * { 1    cos  }

yielding :

SL    SR   =   DF * { 2 * cos  }

Re-arranging then yields :

SL    SR   =   2 * DF * cos 




( Equation HYP-001 )

And this is our over-riding equation for our ‘hyperbola’ here.

Relationship between  ‘R’  and the angle ‘Theta’ :

Let us now express this ‘over-riding’ equation in terms of  ‘R’  and the angle ‘THETA’, or  ‘’ .

We then have, from the diagram below :


{ SL }2   =   { DF  +  R * cos  }2  +  { R * sin  }2

{ SR }2   =   { DF    R * cos  }2  +  { R * sin  }2
Expanding then yields :

{ SL }2   =   { DF }2  +  [ 2 * DF * R * cos   +  [ { R }2 * { cos  }2 ]

                    +  [ { R }2 * {sin  }2 ]


{ SR }2   =   { DF }2    [ 2 * DF * R * cos  ]  +  [ { R }2 * { cos  }2 ]

                               +  [ { R }2 * { sin  }2 ]
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Applying  [ cos2   +  sin2    =  1 ]  in the above equations and collecting terms, we have:

{ SL }2   =   { DF }2  +  { R }2  +  [ 2 * DF * R * cos 


{ SR }2   =   { DF }2  +  { R }2    [ 2 * DF * R * cos  ]

We then set up two (2) temporal variables,  ‘H’  &  ‘J’ , for easier notations, as follows :


H   =   { DF }2  + { R }2

J   =   2 * DF * R * cos 
We then have : 


SL   =   
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SR   =   
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Thus, the ‘over-riding’ equation for the ‘hyperbola’, i.e. :

SL    SR   =   2 * DF * cos 

then becomes :
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   =   2 * DF * cos 
Squaring both sides then yields :

{ H + J }    2 * {
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 } * {
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 }  +  { H – J }   =   4 * { DF }2 * { cos  }2
or,

{ 2 * H }    2 * {
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 }   =   4 * { DF }2 * { cos  }2
Re-arranging terms then yields :

{ 2 * H }    4 * { DF }2 * { cos  }2   =   2 * {
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Dividing throughout by  ‘2’  then yields :

{ H }     2 * { DF }2 * { cos  }2  =   
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Squaring both sides then yields :

      { H }2     4 * { H } * { DF }2 * { cos  }2  +   4 * { DF }4 * { cos  }4 

 =   { H }2    { J }2
Collecting and canceling terms then yields :

{ J }2   =   4 * { H } * { DF }2 * { cos  }2     4 * { DF }4 * { cos  }4 

or,

{ J }2   =   4 * { DF }2 * { cos  }2  * [ { H }     { DF }2 * { cos  }2 ]

Let us recall the values of  ‘H’  &  ‘J’  from above, i.e. :


H   =   { DF }2  + { R }2

J   =   2 * DF * R * cos 

Substituting into our equation here then yields :

     4 * { DF }2 * { R }2 * { cos  }2 

=   4 * { DF }2 * { cos  }2  * [ { DF }2  +  { R }2    { DF }2 * { cos  }2 ]

Dividing both sides by  [ 4 * { DF }2 } then yields :

     { R }2 * { cos  }2 

=   { cos  }2  * [ { DF }2  +  { R }2    { DF }2 * { cos  }2 ]

or simply :

     { R }2 * { cos  }2 

=   { DF }2 * { cos  }2  +  { R }2 * { cos  }2    { DF }2 * { cos  }4
Re-arranging terms then yield :

     { R }2 * { cos  }2    { R }2 * { cos  }2  

=   { DF }2 * { cos  }2    { DF }2 * { cos  }4
or,

     { R }2 * [ { cos  }2    { cos  }2 ] 

=   { DF }2 * { cos  }2  * [ 1    { cos  }2 ]

or alternately :

{ R }2   =   { DF }2 * { cos  }2  * 
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Noting that :  [  R0   =   DF * { cos  } ] , an alternate form of the equation immediately above is then :

{ R }2   =   { R0 }2   * 
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( Equation HYP-002 )

Our equation here shows that  ‘R’  is dependent on two (2) defining quantities, namely  ‘R0’  &  the value of  ‘cos ’ :

a)
the size of the ‘hyperbola’ is controlled by  ‘R0’, the distance from the ‘vertex’ of the hyperbola’ to the ‘Point-Of-Origin’,

b)
the shape of the ‘hyperbola’ is controlled by the value of   ‘cos ’ , and in particular :



as   

‘’  
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  ‘’

so that :
‘cos ’  
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the term in the denominator on the ‘right-hand-side’ of the equation :

{ R }2   =   { R0 }2   * 
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approaches   ‘0’ , so that  ‘R’   approaches  ‘infinity’ , or  ‘
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’.


The  ‘asymptotes’ to the ‘hyperbola’ therefore ‘slant-out’ at an angle  ‘’  to the ‘V-axis’ as we have shown in the original diagrams above.

Let us finally, before leaving, apply the identity [ { sin  }2  +  { cos  }2  =  1 ]  to the ‘Equation HYP-002’ above, i.e. :

{ R }2   =   { R0 }2   * 
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( Equation HYP-002 )

to get an alternate format :

{ R }2   =   { R0 }2   * 
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( Equation HYP-003 )

And these two are then our governing equations for the  ‘hyperbola’  in Cylindrical Co-ordinates.

Because the [ Cosine Function ]  is very important in the equation for the ‘hyperbola’ , we have, in Appendix C, a definition of the [ Cosine Function ]  based on the  triangle, namely :

the ratio of  :

[ the area of the triangle ]

 vs.

  [ a combination of   { L1* L2 } , { L2 * L3 } , { L3 * L1 } , { ( L1 )2 } , { ( L2 )2 } & {  ( L3 )2 } ]


where :  { L1 }  , { L2 }  &  {L3 }  are the lengths of the side,

for those readers that might be interested.
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