Chapter 2-10 :   The Hyperbola - Area  under the Curve ( in
Page 9
                           preparation for Cylindrical co-ordinates )

The Hyperbola  { X * Y  =  1 } :

Let us look again at the ‘Hyperbola’  { X * Y  =  1 }   in ‘Cartesian co-ordinates’ :
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Let us then identify two (2) points on the  ‘Hyperbola’,  [ Point  ‘A’ ]  &  [ Point ‘B’ ] , as shown in the above diagram.

The co-ordinates of   [ Point ‘A’ ]  is  then   [ XA , YA ]   and   the co-ordinates of   [ Point ‘B’ ]  is  then   [ XB , YB ]  , respectively.

We note here immediately that :


XA* YA   =   1

&

XB * YB   =   1

And we have marked the ‘area’  [ AREA  ‘A-O-B’]  in ‘light-blue’ color in the above diagram.

Using a  [ Point ]  other than the  [ Point-Of-Origin ] :

Let us introduce a point  [ Point ‘P’ ] , as shown in the diagram below :

[image: image2.wmf]
such that the co-ordinates of  [ Point ‘P’ ]  is :


[ XP ,  YP ]


as shown in the above diagram .

The question now is :

What is the area of  [ AREA ‘A-P-B’ ]  in relation to  [ AREA ‘A-O-B’ ]  ?

[image: image3.wmf]
We then have the diagram below for comparison purposes :

[image: image4.wmf]
On the ‘Left-hand-side’ :


[ AREA ‘P-D-A-B-C’ ]

   =
[ AREA ‘P-O-D’ ]   +   [ AREA ‘D-O-A’ ]


+   [ AREA ‘A-O-B’ ]


+   [ AREA ‘B-O-C’ ]   +   [ AREA ‘C-O-P’ ]

Noting that :


[ AREA  ‘P-O-D’ ]   =   
[image: image5.wmf]2

1

 * [ YA * XP ]


[ AREA  ‘D-O-A’ ]   =   
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1



( [ Point ‘A’ ]  is on the hyperbola  ‘X*Y = 1’ )



[ AREA  ‘B-O-C’ ]   =   
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( [ Point ‘B’ ]  is on the hyperbola ‘X*Y = 1’ )


[ AREA  ‘C-O-P’ ]   =   
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1

 * [ XB * YP ]

On the ‘Right-hand-side’ :


[ AREA ‘P-D-A-B-C’ ]

   =
[ AREA ‘D-P-A’ ]   +   [ AREA ‘A-P-B’ ]   +   [ AREA ‘B-P-C’ ]

noting that :


[ AREA  ‘D-P-A’ ]

   =
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 * [ XA * ( YP  +  YA ) ]

   =

[image: image10.wmf]2

1

 * [ XA * YP  +  XA * YA ]

   =
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1

 * [ XA * YP ]  +  
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[ AREA  ‘B-P-C’ ]

   =
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 * [ YB * ( XP  +  XB ) ]

   =
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 * [ YB * XP  +  YB * YB ]

   =
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1

 * [ YB * XP ]  +  
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Thus, equation the ‘Left-hand-side’  and the ‘Right-hand-side’ the yields :
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1

 * [ YA * XP ]  +  
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  +   [ AREA ‘A-O-B’ ]  +  
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  +  
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 * [ XB * YP ]

   =
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 * [ XA * YP ]  +  
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  +  [ AREA ‘A-P-B’ ]  +  
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* [ YB * XP ]  +  
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Canceling and moving terms then yields :

[ AREA ‘A-P-B’ ]

   =
[ AREA ‘A-O-B’ ]

+  
[image: image25.wmf]2

1

 * [ YA * XP ]    
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1

 * [ YB * XP ]

+  
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 * [ XB * YP ]    
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1

 * [ XA * YP ]

   = 
[ AREA ‘A-O-B’ ]

+  
[image: image29.wmf]2

1

 * [ YA    YB ] * XP 

+  
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1

 * [ XB    XA ] * YP
This then bring us to the diagram below :

[image: image31.wmf]
In this diagram, we have introduced the point ,  [ Point ‘Q’ ] , with the co-ordinates :


{ XA , YB }

We then have the relation :


[ AREA ‘A-O-B’ ]

   =
[ AREA  ‘A-Q-B’ ]  +   [  AREA ‘A-Q-O’ ]  +  [ AREA ‘B-Q-O’ ]

   =
[ AREA ‘A-Q-B’ ]

+  
[image: image32.wmf]2

1

 * [ YA    YB ] * XA  +  
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1

 * [ XB    XA ] * YB

[ AREA ‘A-P-B’ ]

   =
[ AREA  ‘A-Q-B’ ]  +   [  AREA ‘A-Q-P’ ]  +  [ AREA ‘B-Q-P’ ]

   =
[ AREA ‘A-Q-B’ ]

+  
[image: image34.wmf]2

1

 * [ YA    YB ] * [ XA  +  XP ]  +  
[image: image35.wmf]2

1

 * [ XB    XA ] * [ YB  +  YP ]

This then demonstrate that :

a)
the area  [ AREA ‘A-Q-B’ ]  is controlling .

That is to say :

Once we have establish the point  [Point ‘Q’ ] , whether we choose :

i)
the point   [ Point ‘O’ ] ,

ii) the point  [ Point ‘P’ ] ,

iii) or  any other point in the vicinity,

the ‘area under the cure’  as marked  by :

i)
[ AREA ‘A-O-B’ ]   ,  or

ii)
[ AREA ‘A-P-B’ ]   ,  or

iii)
[ AREA ‘A-any other point-B’ ] ,

as the case may be, may be calculated through a standard procedure.

And this [ AREA ] is simply the sum of :

i)
the area of  [ AREA ‘A-Q-B’ ]  , 

ii)
the area of  the triangle  [ A-Q-O ]  /  [ A-Q-P ]  /  [ A-Q-any other point ] , as the case may be, and we shall use :

the distance  [ A-Q ]  as the  ‘base’  for this triangle ,   and

the distance in the horizontal direction between :

a)
[ Point ‘Q’ ]  &  [ Point ‘O’ ] ,   or

b)
[ Point ‘Q’ ]  &  [ Point ‘P’ ] ,   or

c)
[ Point ‘Q’ ]  &  [ any other point ]

as the case may be, as the  ‘height’  for this triangle.

iii)
the area of  the triangle  [ B-Q-O ]  /  [ B-Q-P ]  /  [ B-Q-any other point ] , as the case may be, and we shall use :

the distance  [ B-Q ]  as the  ‘base’  for this triangle ,   and

the distance in the vertical direction between :

a)
[ Point ‘Q’ ]  &  [ Point ‘O’ ] ,   or

b)
[ Point ‘Q’ ]  &  [ Point ‘P’ ] ,   or

c)
[ Point ‘Q’ ]  &  [ any other point ]

as the case may be, as the  ‘height’  for this triangle.

This then prepares us to analyze whether we should use the  [ Point-Of-Origin ] , or for that matter  [ Point ‘P’ ]  or  [ ‘any other point’ ] , to calculate the ‘area-under-the-curve’ when we use  ‘Cylindrical co-ordinates’ as the base co-ordinate system.

Cylindrical Co-ordinates :

Let us now move  [ Point ‘A’ ] to the  [ Vertex of the Hyperbola ] , as shown in the diagram below :
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And at the same time, recalling that we can always establish a point ,  [ Point ‘Q’ ] , as shown in the diagram below :
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Let us now move on to a general  ‘hyperbola’ in ‘Cylindrical Co-ordinates’, as shown in the diagram below :

[image: image38.wmf]
where the area marked in ‘light-blue’ color above is given by :


AREA   =   
[image: image39.wmf](
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We shall be investigating how this relates to  ‘logarithms’  in general in the next chapter.
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