Chapter 10-03 :   [ 2*2*2*2 = 4*4 ]  and its implication on
Page 14
                              {  [ Log X ] / X  }

[ 2^4 ] =  [ 4^2 ] :

We start off this chapter with an arithmetic identity, namely :


2 * 2 * 2 * 2   =  4 * 4

or 
24  =  42   =  16

The significance of this equation on  ‘logarithms’  is explained below.

The Setting up the  [ ‘Invariant Frame’ ] :

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘2’ ] } , as follows :
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We have now identified the point  { 2 , 1 } on the curve  for  { Y  =  Log (X)  [ base ‘2’ ]  }, as the point  { Point ‘PTWO’ } , as shown in the above diagram ,

i.e.:
  1   =   { Log (2)  [ base ‘2’ ] }

Let us now draw-in a line passing thru the { ‘Point-Of-Origin’ }  and this point  { Point ‘PTWO’ } , as shown in the diagram below.

This ‘Line’ is then the line as shown in ‘red-color’ in the diagram below .

We note here that this  [ ‘red-color’ Line ]  then intersects the curve for   { Y  =  Log (X)  [ base ‘2’ ] }  at the point marked as  { Point ‘PFOUR’ }  , as shown in the diagram below.  
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The co-ordinates of  { Point ‘PFOUR’ }  is then  { 4 , 2 } :

i.e. :
2   =   { Log (4)  [ base ‘2’ ] }

Let us look also at the curve for  { Y  =  Log (X)  [ base ‘2.718282’ ] } .

Let us also draw-in a line passing thru the { ‘Point-Of-Origin’ } , and the  point  with the co-ordinates { 2 , Log (2) [ base ‘2.718282’ ] }, which is a point  on the curve for the  ‘Logarithmic Function’  and  is marked as  { Point ‘PTWO’ }  in the diagram below :
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This line is then as marked by the  { ‘red-color’ Line }  as shown above. 

We see here that this  { ‘red-color’ Line }  also intersects the curve for the  ‘Logarithmic Function’  at another point, marked as  { Point ‘PFOUR’ }  in the above diagram.

The co-ordinates of  { Point ‘PFOUR’ }  is then  { 4 , Log (4)  [ base’2.718282’ ] }

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘3.921652 ] } .

Let us also draw-in a line passing thru the { ‘Point-Of-Origin’ } , and the  point  with the co-ordinates { 2 , Log (2)  [ base ‘3.921652’ ] }, which is a point  on the curve for the   ‘Logarithmic Function’  and  is marked as  { Point ‘PTWO’ }  in the diagram below.
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This line is then as marked by the  { ‘red-color’ Line }  as shown above. 

We see here that this { ‘red-color’ Line } intersects the curve for the  ‘Logarithmic Function’  at another point, marked as  { Point ‘PFOUR’ }  in the above diagram.

The co-ordinates of  { Point ‘PFOUR’ }  is then  { 4 , Log (4)  [ base ‘3.921652’ ] } .

Thus, for any positive value of  ‘A’  such that :


1   <   A   <   
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we always have the relation :

IF :

   =   { Log (2)  [ base ‘A’ ] }

THEN :
2*   =   { Log (4)  [ base ‘A’ ] }

We then set up a  [ ‘Invariant Frame’ ]  for the curve for  { Y  =  Log (X)  [ base ‘A’ ] } , as marked by the set of  three (3)  { ‘red-color’ lines }  in the diagram below :
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Although the diagram above is for  [ base ‘2’ ]  and  our subsequent diagrams are also for   { Y  =  Log (X)  [ base ‘2’ ] } , our analysis and conclusions are the same for any base  [ base ‘A’ ]  where :


1   <   A   <   
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First Observation :

We now make our first observation here :

IF :
a ‘straight-line’ passes thru the  ‘Point-Of-Origin’ , { Point ‘O’ }  and intersects the  ‘Logarithmic Curve’  at two (2) points,  { Point ‘P’ }  &  { Point ‘Q’ }  respectively such that :


i)
the co-ordinates of   { Point ‘P’ }  is   { XP ,YP } ,   and



ii)
the co-ordinates of   { Point ‘Q’ }  is   { XQ , YQ } ,

THEN :
the ratio  { YP  :  XP }   and  { YQ :  XQ }   are the same ratios , i.e. :
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{ and is equal to  [ tan () ] }

as per the diagram below :
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Thus, for the case of  { Point ‘PTWO’ }  &  { Point ‘PFOUR’ } , as per the diagram below :
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we have the relation :
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or,


4 * { Log (2) [ base ‘A’ ] }   =   2 * { Log (4)  [ base ‘A’ ] }

yielding :


( A )4 * { Log (2) [ base ‘A’ ]   =   ( A )2 * { Log (4)  [ base ‘A’ ] }
or :

[ ( A ){ Log (2) [ base ‘A’ ] ] ^ 4  =  [ ( A )2 * { Log (4)  [ base ‘A’ ] } ] ^ 2

or :


( 2 )4   =   ( 4 ) 2
And this pair of numbers,  [ ‘4’ ]  &  [ ‘2’ ]  respectively, are the only pair of { Positive integers } that exhibits the property :


(  )   =   (  ) 

And hence our  [ ‘Invariant Frame’ ] above.

Our next task is then to look at the numbers  ‘3’ , ‘5’ , ‘7’  &  ‘9’ .

The  point for  [ Log (3) / 3 ] :

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘2.0000000’ ] }.
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Let us now draw-in a line passing thru the  ‘Point-Of-Origin’ , { Point ‘O’ } ,  and the  point  with the co-ordinates  { 3 , Log (3)  [ base ‘2’ ] } , which is a point  on the curve for the  ‘Logarithmic Function’  and  is marked as  { Point ‘PTHREE’ }  in the diagram above.

This ‘Line’  is then the  { ‘red-color’  Line }  as shown above.

We note that this  { ‘red-color’  Line }  intersects the curve for  { Y  =  Log (X)  [ base ‘2’ ] }  at the point  { Point ‘QTHREE’ }  as shown in the diagram above.

The co-ordinates are then :

for   { Point ‘PTHREE’ } :

{ 3.000000 ,    1.584963 }

for   { Point ‘QTHREE’ } :

{ 2.478051 ,    1.309026 }

And we have :


1.584963 / 3.000000   =   0.528321


1.309206 / 2.478053   =   0.528320

The  point for  [ Log (5) / 5 ] :

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘2.0000000’ ] }.
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Let us now draw-in a line passing thru the  ‘Point-Of-Origin’ , { Point ‘O’ } , and the  point  with the co-ordinates  { 5 , Log (5)  [ base ‘2’ ] } , which is a point  on the curve for the  ‘Logarithmic Function’  and  is marked as  { Point ‘PFIVE’ }  in the diagram above.

This ‘Line’  is then the  { ‘red-color’  Line }  as shown above.

We note that this  { ‘red-color’  Line }  intersects the curve for  { Y  =  Log (X)  [ base ‘2’ ] } at the point  { Point ‘QFIVE’ }  as shown in the diagram above.

The co-ordinates are then :

for   { Point ‘PFIVE’ } :

{ 5.000000 ,    2.321928 }

for   { Point ‘QFIVE’ } :

{ 1.764922 ,    0.819604 }

And we have :


2.321928 / 5.000000   =   0.464386


0.819604 / 1.764922   =   0.464385

The  point for  [ Log (7) / 7 ] :

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘2.0000000’ ] }.
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Let us now draw-in a line passing thru the  ‘Point-Of-Origin’ , { Point ‘O’ } , and the  point  with the co-ordinates  { 7 , Log (7) [ base ‘2’ ] } , which is a point  on the curve for the  ‘Logarithmic Function’  and  is marked as  { Point ‘PSEVEN’ }  in the diagram above.

This ‘Line’  is then the  { ‘red-color’  Line }  as shown above.

We note that this  { ‘red-color’  Line }  intersects the curve for  { Y  =  Log (X)  [ base ‘2’ ] }  at the point  { Point ‘QSEVEN’ }  as shown in the diagram above.

The co-ordinates are then :

for   { Point ‘PSEVEN’ } :

{ 7.000000 ,    2.807355 }

for   { Point ‘QSEVEN’ } :

{ 1.530140 ,    0.613664 }

And we have :


2.807355 / 7.000000   =   0.401051


0.613664 / 1.530140   =   0.401051

The  point for  [ Log (9) / 9 ] :

Let us look again at the curve for  { Y  =  Log (X)  [ base ‘2.0000000’ ] }.
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Let us now draw-in a line passing thru the  ‘Point-Of-Origin’ , { Point ‘O’ } , and the  point  with the co-ordinates  { 9 , Log (9)  [ base ‘2’ ] } , which is a point  on the curve for the  ‘Logarithmic Function’  and  is marked as  { Point ‘PNINE’ }  in the diagram above.

This ‘Line’  is then the  { ‘red-color’  Line }  as shown above.

We note that this  { ‘red-color’  Line } intersects the curve for  { Y  =  Log (X)  [ base ‘2’ ] } at the point  { Point ‘QNINE’ }  as shown in the diagram above.

The co-ordinates are then :

for   { Point ‘PNINE’ } :

{ 9.000000 ,    3.169925 }

for   { Point ‘QNINE’ } :

{ 1.411382 ,    0.497108 }

And we have :


3.169925 / 9.000000   =   0.352214


0.497108 / 1.411382   =   0.352214

Consolidating the curves :

Let us now try consolidate the four (4) curves for  ‘3’ , ‘5’ , ‘7’  &  ‘9’  above, but first, let us start again with this diagram showing the  [ ‘Invariant Frame’ ] :
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Let us now add the points :

i)
[ Point ‘PTHREE’ ] , [ Point ‘PFIVE’ ] , [ Point ‘PSEVEN’ ]  & [ Point ‘PNINE’ ] ;   and 

ii)
[ Point ‘QTHREE’ ] , [ Point ‘QFIVE’ ] , [ Point ‘QSEVEN’ ]  & [ Point ‘QNINE’ ] ;

as shown in the diagram below :
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We now make our 2nd observation :


We place a dividing-line at  [ X = 2.718282 ] as marked by the  { ‘orange-color’  dotted-Line } in the diagram below , and :

 i)
{ Point ‘PTHREE’ } , { Point ‘PFIVE’ } , { Point ‘PSEVEN’ }  &  { Point ‘PNINE’ }  are on the  ‘right-hand-side’  of  this  ‘dividing-line’;   and 

ii)
{ Point ‘QTHREE’ } , { Point ‘QFIVE’ } , { Point ‘QSEVEN’ }  &  { Point ‘QNINE’ }  are on the  ‘left-hand-side’  of  this  ‘dividing-line’. 

[image: image18.wmf]
Let us now make our 3rd observation :

Let us now divide  the  ‘X-axis’  into four (4) region :

‘Region I’  for  :

0   <  X  
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   1

( marked in ‘light-blue’ color )

‘Region II’  for  :

1   <  X  
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   2

( marked in ‘yellow’ color )

‘Region III’  for  :

2   <  X  
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   4

( marked in ‘light-red’ color )

‘Region IV’  for  :

0   <  X  
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( marked in ‘light-green’ color )

as shown in the diagram below :
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We shall now focus on ‘Region III’  as shown in the diagram below :
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We note here that the points  { Point ‘PTHREE’ }  &  { Point ‘QTHREE }  are the only points in this region, and they are located to either-side of the  ‘dividing-line’  [ X  =  2.718282 ] .

We shall now focus on ‘Region II’  &  ‘Region IV’  as shown in the diagram below :

[image: image26.wmf]
We note here that :

i)
the points  { Point ‘PFIVE’ } , { Point ‘PSEVEN’ }  &  { Point ‘PNINE’ }  are in ‘Region IV’ ,  and

ii)
the points  { Point ‘QFIVE’ } , { Point ‘QSEVEN’ }  &  { Point ‘QNINE’ }  are in ‘Region II’ .

Summary of Findings :

Let us recall the  ‘Prime Number Theorem’  where :

We set up the function  {  (x) }  be the number of   ‘prime numbers’ less than or equal to  ‘x’ .

Then  :
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We then have :
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And  
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  is therefore an important function in mathematics.

Our finding here is simply that for any { positive integer } ‘XP’  greater than  ‘4’ , there is a corresponding value  ‘XQ’  between  ‘1’  &  ‘2’  such that the values of the function 
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  are equal, i.e. :
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for :

4   <   XP   <  
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&
1   <  XQ   <  2

We shall look at this more closely in the next chapter.
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